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Abstract
We consider the problem of the creation of quanta of an electromagnetic field
from the initial vacuum (or thermal) state in a closed high-Q cavity due to
periodical variations of conductivity of a thin semiconductor boundary layer
excited by short laser pulses. Fast changes of conductivity from practically a
zero value to a high one and then again to zero simulate periodical displacements
of the cavity wall. This scheme has been chosen to model the non-stationary
Casimir effect in the experiment which is under preparation at Padua University.
We provide analytical and numerical evaluations for the number of photons
which could be created under realistic experimental conditions. We show the
importance of taking into account intrinsic losses in the semiconductor slab
caused by the finite conductivity during the intermediate part of the excitation–
recombination cycle. We analyse the influence of different parameters, such
as the diffusion and mobility coefficients of carriers, surface recombination
velocity, absorption coefficient of laser radiation, thickness of the slab and
geometry of the cavity. We conclude that a significant amount (>103 ) of
‘Casimir photons’ with a frequency of 2.5 GHz can be produced from vacuum
in a cavity with dimensions of the order of 10 cm, if one can arrange several
thousand strongly periodical laser pulses with a duration of the order of 1 ps,
periodicity close to 200 ps and energy ∼10−3 J, illuminating the semiconductor
slab of thickness ∼1 mm and the mobility ∼1 m2 V−1 s−1 , provided the
recombination time can be reduced below the critical value ∼30 ps.

1. Introduction
Various quantum effects caused by the time dependence of the macroscopic dielectric
properties of different media were the subjects of many publications over the past two decades.
For example, the generation of squeezed states of electromagnetic field in time-dependent
0953-4075/06/150749+18$30.00 © 2006 IOP Publishing Ltd Printed in the UK
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dielectrics without losses was considered in [1–6]. The photon generation from vacuum due
to temporal variations of the dielectric function was discussed in [4, 7–14] and the generation
of photons due to the motion of dielectric boundaries was studied in [15–22]. The phenomena
of ‘time refraction’ were considered in [4, 5, 23]. The ‘dynamical interferometers’ with timedependent reflection and transmission coefficients or spacetime field modulation were studied
in [24, 25]). The generation of photons by time-varying beam-splitters was discussed in
[26, 27].
Here we consider the problem of photon generation from vacuum (or initial thermal
state) in the selected mode of electromagnetic field inside a closed high-Q cavity due to
periodical variations of the conductivity of a thin semiconductor layer deposited on the plane
surface of a cavity wall. Quantum effects caused by the time dependence of properties of
thin slabs were studied by several authors [27–31]. However, only very simple models of the
media were considered in those papers: lossless homogeneous dielectrics with time-dependent
permeability [27, 31], ideal dielectrics or ideal conductors suddenly removed from the cavity
[28, 29] or infinitely thin conducting slabs modelled by δ-potentials with time-dependent
strength [30] (this model of ‘plasma sheet’ was introduced in [16]).
Fast and significant changes of electric properties can be achieved in semiconductors
illuminated by laser pulses. The idea to use this scheme was put forward by Yablonovitch [7]
who proposed to use a medium with a rapidly decreasing in time refractive index (‘plasma
window’) to simulate the so-called Unruh effect. Man’ko [32] proposed to use semiconductors
with time-dependent properties to produce the analogue of the non-stationary Casimir effect
(see also [11, 33]). A more developed scheme, based on the creation of an electron–hole
‘plasma mirror’ inside a semiconductor slab, illuminated by a femtosecond laser pulse, was
proposed in [34] (in the single-pulse case). But only recently a possibility of creating the
effective ‘plasma mirror’ in a semiconductor slab was confirmed experimentally [35] (real
plasma mirrors created by powerful ultrashort laser pulses were studied in [36]). Now a group
in the University of Padua is preparing an experiment on observation of the non-stationary
(dynamical) Casimir effect (NSCE) [37]. The idea is to use an effective electron–hole ‘plasma
mirror’ created periodically on the surface of a semiconductor slab by illuminating it with
a sequence of short laser pulses. If the interval between pulses exceeds the recombination
time of carriers in the semiconductor, a highly conducting layer will periodically appear and
disappear on the surface of the semiconductor film, thus simulating periodical displacements of
the boundary. For cavities with oscillating ideal conducting boundaries, there exist theoretical
predictions that under the condition of resonance between the frequency of the selected field
mode and the frequency of boundary oscillations, the number of photons created from the
vacuum state is given by the typical parametric resonance formula [38–43]
N (res)
= sinh2 (nν)
n

(1)

where n is the number of oscillations made by the wall and the small coefficient ν is proportional
to the amplitude value of the relative shift of the mode eigenfrequency due to the change L(t)
of the distance L between the walls. Very roughly, ν ∼ max |L/L|. Using a cavity of length
L ∼ 10 cm and semiconductor slabs of thickness ∼1 mm, one can expect to obtain a relative
change of the field mode eigenfrequency inside the cavity of the order of 10−2 –10−3 . If
formula (1) could be applied in this case, then one could expect that Nn would exceed the unit
value and grow exponentially after n > nc ∼ ν −1 ∼ 103 oscillations.
However, the simple formula (1) does not take into account inevitable losses inside
the semiconductor slab during the excitation–recombination process. This is the immediate
consequence of the fact that the dielectric permeability (x) of the semiconductor medium is
a complex function:  = 1 + i2 , where 2 = 2σ/f0 , σ and f0 being the conductivity (in the
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CGS units) and frequency in Hz, respectively. Good conductors have 2 ∼ 108 at microwave
frequencies, which is essentially bigger than 1 ∼ 1–10. Although 2 is negligibly small in
the non-excited semiconductor at low temperatures, it rapidly and continuously grows up to
the values of the order of 105 –106 during the laser pulse (for the maximum concentration of
created carriers 1018 –1019 cm−3 and the mobility b = 3 × 106 CGS units = 1 m2 V s−1 ),
returning to zero after the recombination time.
Our goal is to give estimations of the number of photons which could be produced inside
the cavity with a semiconductor time-dependent ‘mirror’, taking into account the internal
dissipation in the slab, and to study the influence of different parameters on the rate of photon
generation, such as the energy and periodicity of laser pulses, the bulk recombination time,
surface recombination velocity, absorption coefficient of the laser radiation, mobility of carriers
and the dimensions of the cavity. The case of ideal surfaces with zero surface recombination
velocity was treated recently in [44–46]. Here we make the next step, considering a more
realistic situation. This paper is organized as follows. In sections 2 and 3 we bring the
necessary results of the papers [44–46]: the general formula for the number of photons which
can be created from the initial thermal state in the selected field mode within the ‘minimum
noise’ model of quantum damped oscillator with time-dependent parameters and a simple
analytical interpolation formula for the complex frequency shift of the field mode due to
the presence of a strongly inhomogeneous thin semiconductor slab with high conductivity
nearby the surface and small conductivity in the rest part of the slab. The new results are
contained in section 4, where we consider a concrete time dependence of the frequency shift
and damping coefficient in the case of short laser pulses and analyse the influence of various
parameters on the amount of created photons. Section 5 contains a brief discussion of the
results obtained. The solution of the inhomogeneous diffusion equation for the spacetime
distribution of the concentration of carriers inside the slab illuminated by short laser pulses is
given in the appendix.
2. Photon generation rate in the presence of losses: general formulae
An immediate consequence of the time variation of the electromagnetic properties of the
cavity walls is the time dependence of the eigenmode frequencies. Hence it follows a simple
idea that one could understand the main features of the behaviour of the quantum field in
the cavity by considering a single selected mode and describing it as a quantum oscillator
with ‘instantaneous’ time-dependent frequency [47, 48]. Later on, it was justified (see, e.g.,
[38, 40, 49]) for three-dimensional cavities without accidental degeneracy of the spectrum of
eigenmode frequencies and for harmonic variations of the effective frequency. We assume
(although we have no strict mathematical proof ) that even in the presence of dissipation and
non-monochromatic periodical variations, the field problem still can be reduced approximately
to the dynamics of the single selected mode, described in the classical limit as a harmonic
oscillator with time-dependent complex frequency (t) = ω(t) − iγ (t) which can be found
from the solution of the classical electrodynamical problem, taking the instantaneous geometry
and material properties (as was done in the non-dissipative case in [31, 42]).
We use the model developed in [44, 45]. It can be considered as a generalization of the
quantum noise operator approach, first proposed in [50] (for the recent applications of this
approach see, e.g., [51]). It consists in the description of the dissipative quantum systems
within the framework of the Heisenberg–Langevin operator equations. In the case concerned
these equations can be written as
dx̂/dt = p̂ − γ (t)x̂ + F̂ x (t),

dp̂/dt = −γ (t)p̂ − ω2 (t)x̂ + F̂ p (t).

(2)
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Here x̂ and p̂ are the dimensionless quadrature operators of the selected mode. We normalize
these operators by the initial frequency in such a way that the mean number of photons equals
N = 12 p̂ 2 + x̂ 2 − 1. In other words, in the subsequent formulae ω and γ are the frequency
and damping coefficients normalized by the initial frequency ωi . The noise operators F̂ x (t)
and F̂ p (t) (which do not commute between themselves, but do commute with x̂ and p̂) are
assumed to be delta-correlated:
F̂ j (t)F̂ k (t  ) = δ(t − t  )χj k (t),
χxp (t) = −χpx (t) = iγ (t),

j, k = x, p,

(3)

χpp (t) = χxx (t) = γ (t)G,

G = 1 + 2nth ,

(4)

where nth is the equilibrium mean number of photons for the selected mode for the given
temperature. The choice of coefficients in (2) and (4) was justified in [44].
The solution of the system of equations (2) under the condition (3) can be expressed in
terms of the function ε(t), which satisfies the classical equation of motion of the harmonic
oscillator with time-dependent frequency
ε̈ + ω2 (t)ε = 0

(5)

and the initial condition ε(t) = exp(−it) for t → −∞. Note that ε(t) does not depend on the
damping coefficient γ (t). As was shown in [44], if initially (at t → −∞) the field mode was
in the thermal state, then the mean number of photons at the instant t equals


 t
1
−2 (t) 1
2 (τ )
∗
E(t) +
(6)
N (t) = G e
dτ e
γ (τ )(E(t)E(τ ) − Re[Ẽ (t)Ẽ(τ )]) − ,
2
2
−∞
where
(t) =



t

E(τ ) =

γ (τ ) dτ,
−∞

1
[|ε(τ )|2 + |ε̇(τ )|2 ],
2

Ẽ(τ ) =

1 2
[ε (τ ) + ε̇2 (τ )].
2

(7)

Formula (6) is exact for arbitrary functions ω(t) and γ (t). However, we are interested
here in the special case when the functions ω(t) and γ (t) have the form of periodical pulses,
separated by intervals of time with ω = 1 and γ = 0 (we neglect the damping of the field
between pulses, supposing that the quality factor of the cavity is big enough). Moreover, the
relative change of the frequency ω(t) during pulses is very small. Under these conditions,
the integral in (6) can be represented as a sum of integrals over subsequent pulses. This sum
was calculated in the case of exact resonance in [44] and in a more general case (admitting
the existence of some detuning from the exact resonance) in [46]. If ε(t) = e−it before
the ‘effective potential barrier’ Veff (t) = ω2 (t) − 1, then after the ‘barrier’ the solution can
be written as ε(t) = ρ− e−it + ρ+ eit , so that the ratio r = ρ+ /ρ− can be interpreted as the
effective complex amplitude reflection coefficient, whereas the complex number ρ− = f has
the meaning of the inverse amplitude transmission coefficient. The mean number of created
photons after n pulses can be expressed in terms of the coefficients r, f and the ‘integral
damping coefficient’
 tf
γ (τ ) dτ
(8)
=
ti

(where ti and tf are the initial and final time moments of any pulse) as follows [46]:


G|rf |2 exp(−) exp[2n(ν − )] exp[−2n(ν + )]
+
Nn =
4 sinh(ν)
sinh(ν − )
sinh(ν + )
G|rf |2 [1 + exp(−2)]
G−1
−
.
+
2
4 sinh(ν − ) sinh(ν + )

(9)
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The coefficient ν is determined by the relations
δ = ω0 (T − Tres ),

cosh(ν) = |Re[f exp(iT )]| ≡ |f cos(δ)|,
Tres = 12 T0 (m − ϕ/π ),

(10)
(11)

where f = |f | exp(iϕ), T is the periodicity of pulses, T0 is the period of oscillations in the
selected field mode and Tres is the resonance periodicity, when the effect is maximal. It is
assumed in equation (9) that the coefficient ν is real. We see that photons can be generated
provided ν > . Under the realistic experimental conditions the parameters |r| and  are
very small. Moreover, the parameter ν canbe real only if the detuning coefficient δ is also
that no photons can be produced if
small. Then one finds from (10) that ν ≈ |r|2 − δ 2 , so 
the detuning coefficient exceeds the critical value δmax = |r|2 − 2 .
Formula (9) can be simplified in the asymptotical regime n(ν − )
1:
Nn ≈

G−1
G|r|2
exp[2n(ν − )] +
4ν(ν − )
2

(12)

(we assume that the difference ν −  is not too close to zero). Thus one has to know only two
parameters, ν ≈ |r| and , to calculate the mean number of photons in the resonance case.
For small variations of the effective frequency ω(t), we can write ω(t) = ω0 [1 + χ (t)]
with |χ |
1. Then using the formulae from [52] we can express the absolute value of the
single-barrier amplitude reflection coefficient |r| and the phase ϕ of the single-barrier inverse
transmission coefficient f as [53]
 tf

 tf


−2iω0 t


ϕ ≈ ω0
|r| ≈ 
ω0 χ (t) e
dt  ,
χ (t) dt.
(13)
ti

ti

3. Frequency shift of the cavity mode caused by a thin inhomogeneous slab
In view of equation (13) we need the time dependence of the instantaneous eigenfrequency of
the selected cavity mode (i.e., the eigenfrequency corresponding to the ‘frozen’ geometry of
the cavity and distribution of the dielectric permeability at each instant of time). We consider
a cylindrical cavity with an arbitrary cross section and the axis parallel to the x-direction,
supposing that the main part of the cavity is empty, except for a thin slab of a semiconductor
material. Thus we write ε(x) ≡ 1 for −L < x < 0 and ε(x) = 1 for 0 < x < D, where D is
the thickness of the slab and L is the cavity length. We assume that D
L and the dielectric
permeability depends only on the longitudinal space variable x.
The set of Maxwell’s equations can easily be reduced to the following second-order
partial differential equation for the monochromatic component of the electric induction vector
D(r, t) = D(r) exp(−it):
graddiv(D/ε) − (D/ε) = (2 /c2 )D.

(14)

The use of vector D is explained by the fact that in such a case Maxwell’s equations do not
contain derivatives of function ε(r, t) with respect to the time variable. Solving equation (14),
containing time variable t as a parameter through the function ε(r, t), one can find the
time-dependent instantaneous eigenfrequency (t). For the TE modes, vectors E and D
are perpendicular to the x axis (and parallel to plane surfaces of the cylinder and slab).
Then the electric field E = D/ε(x) satisfies the usual three-dimensional Helmholtz equation
E+(/c)2 ε(x)E = 0, which allows one to factorize any scalar component of the electric field
as E(x, r⊥ ) = ψ(x)(r⊥ ), where the function (r⊥ ) obeys the two-dimensional Helmholtz
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2
equation ⊥  + k⊥
 = 0. Consequently, the problem is reduced to solving the onedimensional Helmholtz equation

2
ψ = 0.
(15)
ψ  + (/c)2 ε(x) − k⊥

Its solution in the domain −L < x < 0 satisfying the boundary condition ψ(−L) = 0 is
ψ(x) = F1 sin[k(x + L)], where the constant coefficient k is related to the field eigenfrequency
 and the corresponding wavelength in vacuum λ as
2
 = c k 2 + k⊥

1/2

,

2
λ = 2π k 2 + k⊥

−1/2

.

(16)

The conditions of continuity of the function ψ(x) and its derivative at x = 0 result in the
transcendental equation for the wave number k
tan(kL) = kψ+ (0; k)/ψ+ (0; k),

(17)

where ψ+ (x; k) is the solution of equation (15) in the domain 0 < x < D satisfying the
λ ∼ L, the value of
boundary condition ψ+ (D) = 0. In the case of thin slab with D
k must be close to π/L (we consider the lowest mode of the cavity). Thus we can write
k = (1 + ξ )π/L with |ξ |
1 and replace tan(π ξ ) on the left-hand side of (17) simply by
π ξ . Moreover, with the same accuracy we can identify k with π/L on the right-hand side.

Thus we arrive at the formula ξ = ηR(0), where the function R(x̃) = ψ̃ + (x̃)/ψ̃ + (x̃) of
the dimensionless variable x̃ = x/D satisfies the first-order nonlinear generalized Riccati
equation
dR
= 1 + π 2 2 [ε(x̃) − 1 + η2 ]R 2
(18)
dx̃
in the domain 0  x̃  1 and the boundary condition R(1) = 0. The dimensionless parameters
η and  are defined as
λ
2D
< 1,
=
1.
2L
λ
The small relative shift of the resonance frequency can be expressed as
η=

(19)

χ ≡ [ − ω0 ]/ω0 = η2 (ξ − ξ0 ) = η3 [R(0) − R0 (0)],
where ξ0 or R0 (0) correspond to the non-excited semiconductor slab with ε(x̃) = ε1 = const.
In this case, equation (18) has exact solution which shows that, for ε1 ∼ 10 (typical values for
semiconductors), R0 (0) ≈ −1 with an accuracy of the order of 0.01 or even better. When the
semiconductor slab is illuminated by the laser pulse, ε(x̃) = ε1 + iε2 (x̃), where the imaginary
1 in some region 0 < x̃ < x̃0
part ε2 (x̃) can attain very big values, so that π 2 2 ε2 (x̃)
near the surface of the slab. Obviously, to create an effective ‘plasma mirror’ one needs the
1, where α is the absorption coefficient of the laser radiation. It
material with x̃0 ∼ (αD)−1
is important that the generation of new carriers by the laser pulse influences the imaginary part
ε2 of the dielectric function but it practically does not change the real part ε1 at the frequency
of the fundamental mode (∼5 GHz), because this frequency is much less than the optical
frequencies and the concentration of new carriers is still much less than the concentration of
‘optical electrons’ in the material (i.e., the corresponding plasma frequency is much less than
the frequency of optical transitions).
In the region 0 < x̃ < x̃0 we can neglect the first term 1 on the right-hand side of
equation (18), as well as the real part of the coefficient at R 2 . The simplified equation can be
integrated immediately, resulting in the formula
 x̃0
1
1
ε2 (x̃) dx̃.
(20)
−
= i(π )2
R(0) R(x̃0 )
0
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On the other hand, in the region x̃0 < x̃ < 1 the nonlinear term in (18) becomes insignificant,
1, we can take
so that we can write R(1) − R(x̃0 ) = 1 − x̃0 . Since R(1) = 0 and x̃0
R(x̃0 ) = −1. Moreover, since the function ε2 (x̃) quickly goes to zero outside the interval
(0, x̃0 ), we can extend the upper limit of integration in (20) to infinity. Thus we have
R(0) = (iA − 1)−1 and finally [45]
χ = η 3 

A2 − iA
,
A2 + 1

where


A = (π )2

χ = η3 

A2
,
A2 + 1

γ = η3 

A
A2 + 1

(21)

∞

ε2 (x̃) dx̃.

(22)

0

Consequently, we need only the integral of the instantaneous concentration of the carriers
over the slab at every instant of time t to find the functions χ (t) and γ (t). Obviously, the
approximate formulae in (21) are not very good if A
1. But the contributions of the
corresponding pieces of the functions χ (t) and γ (t) to the integrals (8) and (13) are so small
that they can be neglected. We have inspected the solution (21) by solving equation (18)
numerically for two dielectric functions ε(x̃) = 10 + iB exp(−α̃ x̃) (in this case equation (15)
can be solved analytically in terms of Bessel functions [53]) and ε(x̃) = 10 + iB cosh−2 (α̃ x̃)
with different parameters B and α̃. The coefficient A (22) in both cases equals B/α̃. For
α̃ = 100 the relative difference between the numerical solutions and analytical expressions
in (21) was less than 0.001 for any value B > 100 (for both functions). The difference at
the level of a few per cent was noted only for values α̃ < 10. These results show that the
approximation (21) is quite adequate under the conditions concerned.
1. On
Equation (21) shows that big values of χ can be achieved asymptotically for A0
the other hand, the maximal value of γ is achieved for A0 = 1, and this value is only twice
smaller than the maximal value of χ . This means that the influence of damping cannot be
neglected if one wants to have big values of the relative frequency shift.
Surprisingly, in the case of TM modes the functions χ and γ are given by the same
relations (21), with the only difference that the factor η3 should be replaced by η in the first
power [46]. This means that in the cavities with the same geometry the rate of generation
is higher for the TM modes than for TE ones [31, 41, 53]. However, having in mind the
applications to the real experimental conditions [37], where the mode TE101 in a rectangular
cavity is used, we shall perform all further evaluations only for this special case (because the
mode TM101 does not exist for this geometry).
4. Influence of the slab properties on the photon generation rate
We see that the instantaneous shift of frequency and damping coefficient are determined by the
integral of the imaginary part ε2 of the dielectric function over the slab. Due to the relations
ε2 = 2σ/f0 and σ = n|eb|, we can rewrite (22) as
A(t) = (4π 2 |eb|/c)K(t)
where


K(t) =

(23)

∞

n(x, t) dx

(24)

0

can be interpreted as the ‘effective surface concentration’ of electron–hole pairs created inside
the slab, n is the volume concentration of these pairs, e is the electron charge, c = f0 λ is the
velocity of light and b is the total mobility of carriers for each electron–hole pair (we use the
CGS units). We assume that the mobility does not depend on the position (in particular, that
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it does not depend on concentration). The extension of the limit of integration to infinity is
justified for the absorption length α −1 much smaller than the thickness of the slab D.
The dependence n(x, t) can be found from equations which take into account, besides the
photo-absorption, the effect of diffusion and different recombination processes. We use the
simplified version of the equation considered in [54–57]
∂n/∂t = ∇ · (Y ∇n) + (αζ /Es )I (t) e−αx − β1 n.

(25)

Here Y is the coefficient of ambipolar diffusion, α is the absorption coefficient of the laser
radiation inside the layer, Es is the energy gap of the semiconductor (which is close to
the energy of laser photons), I (t) is the time-dependent intensity of the laser pulse which
enters the slab (it can be less than the intensity of the pulse outside the slab, because the
reflection coefficient from the semiconductor surface can be rather big, due to the big value
of the dielectric constant ε1 ∼ 10; however, the reflection can be diminished if some quarterwavelength film is put on the surface), ζ  1 is the efficiency of the photo-electron conversion
and β1 is the trap-assisted recombination coefficient.
The simplification made consists in omitting on the right-hand side of (25) the terms
−β3 n3 − β2 n2 , where β3 is the Auger recombination coefficient and β2 is the radiative
recombination coefficient. With these nonlinear terms, equation (25) can be solved only
numerically [55–57]. However, for modelling the non-stationary Casimir effect, one needs
very small recombination times, of the order of Tr ∼ 20–30 ps (see the evaluations at the end
of this section). This can be achieved in doped materials with high concentration of impurities.
The doping increases the coefficient β1 but does not change β2 and β3 significantly. Thus we
can assume that β1 ≈ Tr−1 ∼ 5×1010 s−1 . On the other hand, the typical values of coefficients
β2 and β3 are of the order of [55–57] β2 ∼ 5 × 10−14 cm3 s−1 and β3 ∼ 4 × 10−31 cm6 s−1
(these are the data for Si, but we suppose that the orders of magnitude in GaAs are the same).
Then even for n ∼ 1018 cm−3 we have β2 n ∼ 5 × 104 s−1 and β3 n2 ∼ 4 × 105 s−1 . These
values are six and five orders of magnitude smaller than β1 . Consequently, in the special case
of highly doped materials, which corresponds to the conditions of the proposed experiment,
the nonlinear recombination terms can be neglected without any doubts.
For powerful pulses one should add the equation for the spacetime evolution of
temperature, because many coefficients in equation (25) are temperature-sensitive (moreover,
this equation contains in the generic case the term proportional to the temperature gradient
[56]). We suppose that the change of temperature and its gradients are small, so that the
coefficients do not depend on time (and on position, too). In the most general case, one should
use the function I (t − x/v) instead of I (t), where v is the group velocity. But for materials
with high absorption coefficients the coordinate dependence can be frequently neglected. For
example, if α = 105 cm−1 and v ∼ 1010 cm s−1 , then x/v < x0 /v ∼ (αv)−1 ∼ 10−15 s, which
is much less than the characteristic time of the laser pulse. We suppose that the duration of each
pulse is of the order of a few picoseconds. Then equation (25) is justified if α > 102 cm−1 .
(Note that smaller values of α would result in the non-total absorption of the laser radiation
inside the slab, so that materials with α < 102 cm−1 should hardly be used).
The boundary condition to equation (25) is [55–57]

∂n 
= Rn(0)
(26)
Y 
∂x x=0
where R is the surface recombination velocity [58]. Since equation (25) is linear, it can be
solved analytically (see the appendix). If n(x, t) = 0 in the absence of the inhomogeneous
term I (t), then (for Y = const)

ζα ∞ 
n(x, t) =
dt exp(−β1 t  )I (t − t  )g (x, t  )
(27)
Es 0
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g (x, t  ) =

1
Re
π



∞
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1 κ − ig
1
+
1 + iκ 1 − iκ κ + ig

dκ exp(iκ αx − κ 2 α 2 Y t  )

0


,

g = R/(αY ).

(28)
(29)

We assume that αD
1, so that the presence of the right boundary of the semiconductor slab
does not affect the carrier distribution near the irradiated surface.
Integrating both sides of equation (24) over x from 0 to ∞ taking into account
equation (26) for the derivative ∂n/∂x at x = 0 (arising from the diffusion term) and
formulae (27) and (28) (with x = 0) for the term n(0), we arrive at the closed inhomogeneous
ordinary differential equation of the first order
dK
ζ
[I (t) + Ĩ (t)],
= −β1 K +
dt
Es
where
2
Ĩ (t) = Rα(1 + g)
π



∞







(30)


∞

dt exp(−β1 t )I (t − t )

0

dκ
0

κ 2 exp(−κ 2 α 2 Y t  )
.
(1 + κ 2 )(κ 2 + g 2 ∆)

(31)

Equation (30) can be integrated immediately (we suppose that the laser pulse starts at t = 0,
so that I (t) = K(t) = 0 for t < 0):
 t
K(t) = (ζ /Es )
exp[−β1 (t − τ )][I (τ ) + Ĩ (τ )] dτ.
(32)
0

Supposing that the duration of laser pulse is much less than the recombination time,
we approximate the function I (t) by the delta-function I (t) = (W/S)δ(t), where W is the
total energy of the laser pulse and S is the area of the surface of the semiconductor slab
(we assume that the energy is distributed uniformly over this area). Then we obtain the
following expression for the time-dependent function A(t) in equation (21) (strictly speaking,
we believe the argument of the delta-function to be slightly shifted from 0, so that the lower
limit of integration in (32) does not influence the result):
A(τ ) = A0 e−τ/Z Jg (τ, h)
where
Jg (τ, h) = 1 +

2
g(1 + g)
π

(33)


∞
0

dκ[1 − exp(−hκ 2 τ )]
(1 + κ 2 )(κ 2 + g 2 )

(34)

and the new dimensionless variables and parameters are defined as follows:
τ = ω0 t

Z=

ω0
2π Tr
=
β1
T0

A0 =

4π 2 |eb|ζ W 
(cEs S)

h=

α2Y
.
ω0

The integral in (34) can be expressed in terms of the complementary error function
 ∞
2
exp(−t 2 ) dt
Erfc(x) = √
π x
due to formula (2.34) from [59]
 ∞
dt exp(−pt)
π
√
= √ eap Erfc( ap).
√
a
t(a + t)
0
Thus we have
√
√
1
2
[g ehτ Erfc( hτ ) − ehτg Erfc(g hτ )].
Jg (τ, h) =
g−1

(35)

(36)

(37)

(38)
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Figure 1. The relative shift of the cavity eigenfrequency χ (upper curves) and normalized damping
coefficient γ (lower curves) versus the dimensionless time variable ζ = β1 t = τ/Z for A0 = 10
and fixed values of the parameters g and h (from right to left): g = 0 and h arbitrary; g = 10 and
h = 1; g = 10 and h = 10; g = 10 and h = 100.

If g = 0 (an ideal surface with zero surface recombination velocity), then J0 (τ, h) ≡ 1, so
that the function A(τ ) is reduced to a simple exponential function independently of the values
of the diffusion and absorption coefficients. This special case was studied in [45]. Also
Jg (0, h) ≡ 1 for any g and h. For g = 1 formula (38) can be written as

√
J1 (τ, h) = (1 − 2hτ ) ehτ Erfc( hτ ) + 2 hτ/π
and for g = ∞ we obtain

√
J∞ (τ, h) = ehτ Erfc( hτ ).

1 wehave Jg (τ, h) ≈ 1 − ghτ , whereas for hτ
1 and g 2 hτ
1
For hτ
1 and g 2 hτ
√
−1
2
2
we have Jg (τ, h) ≈ (g + 1)/ πg hτ . (Remember that Erfc(x) ≈ ( π x) exp(−x ) for
x
1.) Consequently, the surface recombination causes a faster return of the functions χ (τ )
and γ (τ ) to zero values after the excitation. This is shown in figure 1.3
We see that the integral damping coefficient  (which is proportional to the area under
the curve γ (τ )) decreases with increase of h for big values of g (high surface recombination
velocity). But the effective reflection coefficient from the time-dependent ‘potential barrier’
χ (τ ) also diminishes, because the ‘barrier’ becomes more narrow preserving its height.
According to equation (12), the rate of the photon generation is determined by the ‘competition’
between these two effects, namely by the difference
ν −  = η3 Fg (A0 , Z, h),

˜
Fg (A0 , Z, h) = ν̃ − 

(39)

˜ can be expressed due to equations (8), (13), (21) and (33) as
where the coefficients ν̃ and 

 ∞

[A0 Jg (x) exp(−x[1 + iZ])]2 

,
(40)
dx
ν̃ = Z 
1 + [A0 Jg (x) exp(−x)]2 
0
3 As a matter of fact, the function χ (τ ) rapidly increases from zero at τ = 0 −  (where  is the dimensionless
duration of the laser pulse) to almost unit value at τ = 0. The function γ (τ ) also starts from zero at τ = 0 −  and
shows a very narrow splash of the height 0.5 before reaching the apparent initial value 0.1 at τ = 0 shown in the
figure. However, these details cannot be seen in the plots in the case  → 0 considered here (a very short laser pulse),
and they do not influence the values ν and  in this limit.
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Figure 2. The dependence of the amplification coefficient F on the parameter Z for fixed values
of the parameter A0 = 4, 6, 10, 20 (from bottom to top; in the case of h = 100 the plots are made
for A0 = 4, 10, 20). The plots with g = 0 do not depend on h. In all plots with fixed values of h
we use the value g = 10.


˜ =Z


∞

dx
0

A0 Jg (x) exp(−x)
.
1 + [A0 Jg (x) exp(−x)]2

(41)

The case of g = 0 (when the dependence on parameter h disappears) was studied in [45].
Here we study the influence of parameters g and h. In figure 2 we show the dependence F (Z)
˜ is proportional to Z due to formula (41), the
for different fixed values of g, h and A0 . Since 
amplification factor F inevitably becomes negative for big values of Z, because the ‘effective
reflection coefficient’ from a single barrier ν̃ is obviously limited from above. Consequently,
one needs materials with small values of Z, i.e., the recombination time.
In figure 3 we show the dependence F (h) for the fixed values A0 = 10 and Z = 0.3
(which are optimal in the case g = 0 [45]) and with different values of g. We see that for
nonzero surface recombination velocity the increase of h (in particular, the increase of the
absorption coefficient) diminishes the value of F. Moreover, figure 2 shows that the increase
of h diminishes the maximal possible values of the recombination time (parameter Z) for which
F > 0 (if h
1).
Usual mechanically polished semiconductor surfaces have the surface recombination
velocity R ∼ 106 –107 cm s−1 [58]. Using the Einstein relation Y = kB T b/|e| we estimate
the diffusion coefficient at T = 4 K as Y ∼ 3 cm2 s−2 for b ∼ 104 cm2 V s−1 . Thus for
usual surfaces the parameter g is greater than unity; moreover, it can be much greater than
unity for the values of absorption coefficient smaller than 106 cm−1 . Figures 2 and 3 show
that in order to have sufficiently big values of the amplification factor F, the parameter h must
be smaller than unity (by the order of magnitude). For the frequency 2.5 GHz this means
that the absorption coefficient α should not exceed the value of the order of 105 cm−1 . The
physical reason for the limitation of h from above seems to be clear. The initial thickness of
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Figure 3. The dependence of the amplification coefficient F on the parameter h for fixed values of
the parameters A0 = 10, Z = 0.3 and different values of parameters g = 0.1, 0.3, 0.8, 2.0, 10.0
(from top to bottom).

.
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.

Figure 4. The dependence of the amplification coefficient F on the parameter h for fixed values of
the parameter M = gh = Rα/ω0 .

−1
the layer nearby the surface where the carriers were created by the short
√ laser pulse is α .
The layer spreads due to the diffusion by the distance of the order of Y /ω0 during the time
interval ω0−1 . If this distance exceeds α −1 , then the deformation of the initial profile of the
concentration n(x) becomes too fast, and the effective ‘reflection coefficient’ |r| becomes too
small. Of course, the concrete critical value h ∼ 1 cannot be found from these qualitative
considerations, and it arises as a result of numerical calculations of the integrals in (13). Using
some special procedures (e.g., etching the surface) one can reduce the surface recombination
velocity to the values of the order of 102 –103 cm s−1 [58]. In such a case one has g < 1
for α > 102 cm−1 , so that the influence of g and h becomes insignificant. This special case
(g = 0) was studied in [45].
One can also diminish the parameter g by means of increasing the diffusion coefficient
(or the mobility). But in this case the parameter h increases in the same proportion. For
this reason, we show in figure 4 the dependence F (h) for the fixed values of A0 , Z and the
parameter M = gh = Rα/ω0 . All the curves start at the same value F ≈ 0.15 for h → 0, but
the function F (h) rapidly decreases with increase of h (i.e., mobility in the case of fixed values
of the surface recombination velocity and the absorption coefficient) if M
1. Moreover,
this function becomes negative for h > 20 and M = 100. This example demonstrates again
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that one should avoid big values of α and R, trying to maintain M < 1. For instance, the
preferable values of α are less than 103 cm−1 for ‘bad’ surfaces with R ∼ 107 cm s−1 . Or one
should keep R < 104 cm s−1 if α ∼ 106 cm−1 .
5. Discussion
For the mobility of carriers b ∼ 1 m2 V−1 s−1 and the dimensions of the rectangular cavity
reported in [37] (the length L = 11 cm, the biggest transverse dimension B = 7 cm and the
smallest dimension 2 cm, so that S = 14 cm2 ) the value A0 = 10 corresponds to the energy of
individual pulse ∼2 mJ, if  = 0.01 (i.e., the slab thickness D = 0.6 mm) and Es = 1.4 eV
(as for GaAs). This value of A0 is close to A0∗ = 11.3, which gives the minimum (in the
case g = 0) of the function A0 /F (A0 , Z) proportional to the total energy of n = const/F
pulses necessary to create a given number of photons for the fixed geometry (see [45]; the
corresponding values of other parameters are Z∗ = 0.29 and F∗ = 0.18). On the other hand,
A0 = 10 corresponds to the effective surface concentration (24) immediately after the laser
pulse K0 ≈ 5 × 1014 cm−2 (for the same mobility and the slab thickness). The geometry
chosen gives the values η = 0.55 and η3 = 0.16. Then one can easily calculate that, say,
N = 103 photons can be generated after n ≈ 12 000 pulses in the case of ideal surface.
Looking at figure 2, we see that the surface recombination can reduce the maximal value of
F for almost two times in the case of g = 10 and h = 1 (and the same value A0 = 10), thus
increasing by almost two times the number of pulses and total energy (which would be about
40 J). This example shows the importance of using very good surfaces and materials with not
too big values of the absorption coefficient α < 105 cm−1 . Besides, the dimensionless
parameter Z must be of the order of 0.3, which corresponds to the recombination time
Tr = 20 ps for f0 = 2.5 GHz. As was reported in [60], it is possible to reduce the recombination
time in GaAs up to 3 ps, using the implantation of ions Au+ . Even more short recombination
times, less than 1 ps, were reported (for other materials) in [61]. Consequently, the value
opt
Tr ≈ 20 ps is quite realistic from the point of view of the available technology.
However, the total energy of all pulses is obviously too high (remember that this energy
will be released inside the semiconductor after the recombination and heat it, so it must be
quickly removed). A possible way to diminish the total energy and the number of laser pulses
is to search for semiconductors with very high mobility of carriers (because the parameter
A0 is proportional to the product W |b|). The maximal mobility achieved in semiconductor
heterostructures based on GaAs exceeds the value 103 m2 V−1 s−1 for temperatures of the
order of 1–4 K [62]. It was obtained for the two-dimensional electron gas in small samples
(with the area ∼5 × 5 mm2 and thickness 10−6 –10−5 cm) with the aid of illumination from
a red light-emitting diode. Note that the absorption length (i.e., the initial width of a highly
conducting layer nearby the semiconductor surface) has the same order of magnitude for the
absorption coefficient α ∼ 106 –105 cm−1 , and the use of TE polarization in the experiment on
NSCE means that one needs high conductivity, namely, in the direction parallel to the surface.
It is not clear, however, whether the reported big values of conductivity are compatible with
the necessary small recombination time, which can be achieved by means of strong doping.
But if such materials could be found (with a big surface area and small surface recombination
velocity), this would resolve the problem, because the necessary total energy of laser pulses
would be 100–1000 times smaller, i.e., about 0.1 J or less.
Besides, one can change the geometry. The simplest possibility is to increase the thickness
D of the slab (remember that  = 2D/λ) or to put the semiconductor plate on a relatively
thick dielectric substrate with high thermal conductivity. Increasing the parameter  from
0.01 to 0.1 could result in diminishing the necessary number of pulses and the total energy by
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10 times. A further increase of the thickness hardly could help, because the approximation
1 (as it happens in the standard
used seems to be reasonable only under the condition ν 2 n
parametric resonance case, when the function ω(t) performs small harmonical oscillations).
For  > 0.1, we expect that the influence of the neglected nonlinear terms in the equations
of motion and the interaction with other modes in the cavity could be important. (For the
numerical verification of the accuracy of different analytical approximations, see [43].) Some
gain can be also achieved by means of the optimization of the cavity shape, which would
result in bigger values of the geometrical factor η (remember that it enters the formulae as η3 )
[45, 46]. The generation of photons from the initial thermal state (instead of the vacuum)
could also reduce the total energy of laser pulses [39, 46].
We have demonstrated that the cavity QED in the presence of boundaries with timedependent parameters is a very interesting area of research, both for theoreticians and
experimentalists. We hope that the combined efforts of specialists working in different fields
(quantum mechanics of open systems, laser physics, semiconductor physics, electrodynamics
of cavities with non-trivial geometry and material properties of walls, etc) will resolve the
problems pointed out above (and many other, not concerned here, such as the non-uniform
illumination of the surface, possible detection schemes, etc), and the photon generation from
vacuum in cavities due to the non-stationary Casimir effect will be observed in the not very
remote future.
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Appendix. Solving equation (25) for the spacetime concentration of photo-carriers
Supposing that all functions depend on the only spatial variable x and introducing the notation
n(x, t) = ñ(x, t) exp(−β1 t),

f (x, t) = (αζ /Es )I (t) exp(β1 t − αx)

(A.1)

we rewrite equation (25) (for Y = const) as
∂ ñ/∂t = Y ∂ 2 ñ/∂x 2 + f (x, t).

(A.2)

First, we look for the complete set of solutions to the homogeneous counterpart of
equation (A.2). They can be represented as ñk (x, t) = exp(−Y k 2 t)ψk (x), where the functions


1
kY + iR −ikx
eikx +
e
(A.3)
ψk (x) = √
kY − iR
2π
satisfy the equation ∂ 2 ψk /∂x 2 = −k 2 ψk in the half-space x > 0, the boundary condition (26)
and the orthogonality condition
 ∞
ψk∗ (x)ψj (x) dx = δ(k − j ).
(A.4)
0

The continuous index k can assume any positive value.
Using the completeness relation
 ∞
ψk∗ (x)ψk (y) dk = δ(x − y),

(A.5)

we look for the solution of the full inhomogeneous equation (A.2) in the form
 ∞
ñ(x, t) =
ck (t)ψk (x) dk.

(A.6)

0

0
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In such a case the function ck (t) must obey the equation
 ∞
bk (t) =
ψk∗ (x)f (x, t) dx
ċk = −Y k 2 ck + bk (t),
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(A.7)

0

whose solution satisfying the initial condition ck (−∞) = 0 reads (we suppose that the initial
concentration of carriers was equal to zero; in the generic case n(x, t) means the deviation of
the concentration from the initial thermal equilibrium value)
 t
 ∞
ck (t) =
dτ
ψk∗ (y)f (y, τ ) exp[−Y k 2 (t − τ )] dy.
(A.8)
−∞

0

Combining (A.1), (A.3), (A.6), (A.8) and introducing the dimensionless integration variable
κ = k/α, we arrive after simple algebra to the solution of equation (25) in the form given
by equations (27) and (28). The integral in (28) can be easily expressed in terms of the
complementary error function in the limit cases of g = 0 and g = ∞:


1 2 
2α 2 Y t  − αx
2α 2 Y t  + αx
+ eαx Erfc
(A.9)
0 (x, t  ) = eα Y t e−αx Erfc
√
√
2
2 α2Y t 
2 α2Y t 


1 2 
2α 2 Y t  − αx
2α 2 Y t  + αx
∞ (x, t  ) = eα Y t e−αx Erfc
− eαx Erfc
(A.10)
√
√
2
2 α2Y t 
2 α2Y t 
(formally, the difference is only in the sign of the second term, but it results in quite different
distributions of the concentration).
The integrals (27) and (28) can easily be calculated for the δ-pulse I (t) = (W/S)δ(t)
immediately after the pulse (when one can neglect the term −κ 2 α 2 Y t in the argument of the
exponential function, so that one can extend the integration over κ to the whole real axis, close
the integration contour in the upper semi-plane and apply the theory of residues). In this case,
we have


Wζα
g
W ζ α −αx
−gαx
e
,
n(0, 0+) =
e
.
(A.11)
−
n(x, 0+) =
SEs
1+g
SEs (1 + g)
This formula clearly shows that the surface recombination significantly diminishes the initial
concentration of carriers nearby the surface if g > 1 (although it does not change the initial
profile at the distances satisfying the relation gαx
1).
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[39] Plunien G, Schützhold R and Soff G 2000 Dynamical Casimir effect at finite temperature Phys. Rev.
Lett. 84 1882–5
[40] Crocce M, Dalvit D A R and Mazzitelli F D 2001 Resonant photon creation in a three-dimensional oscillating
cavity Phys. Rev. A 64 013808
[41] Crocce M, Dalvit D A R and Mazzitelli F D 2002 Quantum electromagnetic field in a three-dimensional
oscillating cavity Phys. Rev. A 66 033811
[42] Crocce M, Dalvit D A R, Lombardo F C and Mazzitelli F D 2005 Hertz potentials approach to the dynamical
Casimir effect in cylindrical cavities of arbitrary section J. Opt. B: Quantum Semiclass. Opt. 7 S32–9
[43] Ruser M 2005 Vibrating cavities: a numerical approach J. Opt. B: Quantum Semiclass. Opt. 7 S100–15
Ruser M 2005 A numerical approach to the dynamical Casimir effect Preprint quant-ph/0509030
[44] Dodonov V V 2005 Time-dependent quantum damped oscillator with ‘minimal noise’: application to the
nonstationary Casimir effect in non-ideal cavities J. Opt. B: Quantum Semiclass. Opt. 7 S445–51
[45] Dodonov V V and Dodonov A V 2005 Quantum harmonic oscillator and nonstationary Casimir effect J. Russ.
Laser Res. 26 445–83
[46] Dodonov V V and Dodonov A V 2006 Nonstationary Casimir effect in a cavity with periodical time-dependent
conductivity of a semiconductor mirror J. Phys. A: Math. Gen. 39 at press
[47] Man’ko V I 1991 The Casimir effect and quantum vacuum generator J. Sov. Laser Res. 12 383–5
Dodonov V V, Man’ko O V and Man’ko V I 1993 Correlated states of string and gravitational waveguide
Squeezed and Correlated States of Quantum Systems (Proc. Lebedev Physics Institute vol 205) ed M A Markov
(Commack, NY: Nova Science) pp 163–229
[48] Sassaroli E, Srivastava Y N and Widom A 1994 Photon production by the dynamical Casimir effect Phys. Rev.
A 50 1027–34
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