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Decoherence in trapped ions due to polarization of the residual background gas
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We investigate the mechanism of damping and heating of trapped ions associated with the polarization of the
residual background gas induced by the oscillating ions themselves. Reasoning by analogy with the physics of
surface electrons in liquid helium, we demonstrate that the decay of Rabi oscillations observed in experiments
on 9Be1 can be attributed to the polarization phenomena investigated here. The measured sensitivity of the
damping of Rabi oscillations with respect to the vibrational quantum number of a trapped ion is also predicted
in our polarization model.
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I. INTRODUCTION

The experimental techniques developed over the last
cade for manipulating trapped ions, Rydberg atoms in ca
QED, and traveling fields have enabled a fruitful dialog
take place between theoretical and experimental physics
sulting in a mastery of fundamental quantum phenomena
level that seems to herald a new phase in the technolog
communication@1# and computation@2,3#. The improvement
of techniques for generating and detecting nonclassical e
tronic and vibrational states of trapped ions and both trap
and traveling nonclassical states of the radiation field h
been of growing interest in a variety of experimental app
cations ranging from quantum measurement concepts@4,5#
to teleportation@6# and quantum logic operations@7#. In its
turn, theoretical physics has exploited the possibility of e
gineering nonclassical states in some exotic applicati
such as detection of gravitational waves@8#, or for measuring
particular properties of the radiation field, such as its ph
@9# or its Q function @10#. Laser manipulation of a string o
ions in a linear trap has been proposed as a way of im
menting quantum gates with cold trapped ions@2#. Further-
more, interfering laser beams have been used to induce
rays of microscopic potentials, the optical lattices@11#, by
the ac Stark effect, opening the way to simulated spin-s
interactions between trapped atoms, similar to those cha
teristic of ferromagnetism and antiferromagnetism in co
densed matter physics@12#. Quantum computation with ion
in thermal motion has also been suggested@13,14#.

The practical realization of such interesting proposals
quantum communication and computation has come
against the decoherence of quantum states, owing to th
evitable action of the surrounding environment@15# and the
intrinsic fluctuations in the interaction parameters requi
for logic operations@16#. In fact, the need for huge superp
sitions of qubit states for such operations imposes the
quirements that the quantum systems be totally isolated f
the environment and that the interaction parameters invo
be tightly controlled. Hence, investigation of the noi
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sources in such promising quantum systems turns out to
crucial step toward the implementation of a quantum lo
processor.

Unlike processes in cavity QED, where decoherence
caused by the well-known cavity damping mechanism
spontaneous atomic emission, and inefficiency of the ion
tion detectors, in the domain of trapped ions a large rang
error sources have been identified. The effects of sponta
ous emission have been studied@17–19#, as well as dephas
ing due to the ions’ zero-point motion@20#. Alternative
sources of decoherence have been introduced phenom
logically @21# and stochastic models have been proposed
handle intensity and phase fluctuations in the exciting la
pulses, in addition to fluctuations in the ion trap potent
@22#. Recently, instead of a stochastic mechanism, Di Fi
and Vogel@23# have put forward a model in which the ob
served damping in Rabi oscillations@24# is caused by quan
tum jumps to an auxiliary electronic level. Other significa
sources of error are the instabilities of the trap drive f
quency and voltage amplitude@5,25#.

Collisions of the trapped ion with residual background g
~usually H2 in the NIST 9Be1 experiments@26#! can also be
an important error source, although experiments are typic
carried out in a high-vacuum environment@26# at a pressure
around 1028 Pa. In connection with this, the current artic
discusses the polarization effects on the residual backgro
gas induced by the oscillating trapped ion. We demonst
that, apart from other known processes, the damping
heating mechanism of trapped ions is produced by local
larization of the residual thermal background gas~BG!.
Since the density of the BG is rather low, around 106 cm23

@26#, we do not expect to find a quasiparticle consisting
the trapped ion together with its surrounding polarizati
cloud, the so called polaron. The density of the BG does
permit a polaron binding energy and the trapped ion is s
tered by the BG. For practical purposes, in our model
assume that the BG is continuous and that the ion is scatt
by its surface oscillations, by analogy with the interaction
surface electrons in liquid helium~where the oscillations are
called ripplons in their quantized form!.

In contrast to loss mechanisms revealed by damped R
oscillations, it is well known that background gas can h
trapped ions by transferring energy during an elastic co
©2001 The American Physical Society19-1
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sion. A heating rate can easily be estimated from the t
collision cross section@26#. Although elastic collisons are
expected to be the main source of decoherence in ionic tr
inelastic collisons also take place, changing the internal s
or even the species of the trapped ion. In experiments
9Be1, inelastic processes may convert the ion to Be1

~upon collision with a H2 molecule! when resonant light is
applied to the2S1/2→2P1/2,3/2 transitions@5#. Both types of
inelastic collision, chemical reactions and charge exchan
besides depending critically on the constituents of the B
occur only when the interparticle spacing between
trapped ion and the neutral background atoms approa
atomic dimensions. In our model, a mean interparticle sp
ing between the ion and the BG atoms is introduced.
upper limit on the rate of inelastic collisions follows from th
Langevin rate, which accounts for the background neut
that penetrate the angular momentum barrier and under
spiraling-type collision into the ion@26,27#.

The attractive interaction potential resulting from pola
ization of the neutral background by the electric field of t
trapped ion is given byU(r )52xq2/(8pe0r 4), wherex is
the polarizability andq the ionic charge. Spiraling collision
result when the impact parameter is less than a critical va
p5(xq2/pe0mv2)1/4, wherem and v are the reduced mas
and relative velocity of the pair. From the critical impa
parameter follows the Langevin rate constantL5pp2v,
which gives the reaction rateR5rL5rq(px/e0m)1/2,
wherer is the density of the BG. From the parameters us
in the NIST 9Be1 experiments, we obtain a small estimat
probability of inelastic collisions with the BG constituents

In addition to the chemical reactions and charge
change, the BG can heat or cool the trapped ion thro
energy transfer during an elastic collision. An estimate of
elastic collision rate can be inferred from the total collisi
cross sections in a L/r 4 potential. AssumingL5U(r ), it
follows, from a conservative estimate, that elastic collisio
will also be rare@26#. However, the effects of collisiona
heating~cooling!, as well as the model we present here, c
be tested, as suggested in Ref.@26#, by raising~lowering! the
BG pressure. On the other hand, it is well known that wh
ions are first loaded into a trap elastic collisions with the B
are beneficial, allowing laser cooling to proceed faster,
BG providing a viscous medium and bringing the tempe
ture of the trapped ions into thermal equilibrium with th
surrounding atoms. We conclude from the work repor
here that the damping medium provided by the backgro
has also to be taken into account when the trapped ions
cooled to their motional ground state. This claim is suppor
by the excellent fit between our model and the experime
data for measurement of the fluorescence probability of
electronic ground state, reported in@24#.

Finally, we mention that, for a linear Paul rf trap, th
process of decoherence may be dominated by that of
motional state, instead of those due to internal levels, cau
by a nonideal applied field@26#. In fact, the internal levels o
the trapped ion are metastable, typically two ground s
hyperfine sublevels@28#. While Refs.@22# take into account
technical fluctuations in the applied fields used to manipu
the trapped ions, Ref.@23# attributes the error source to th
03341
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coupling of the internal states to the environment. In t
paper we present a model that accounts for the domin
decoherence of the ion motion in terms of the induced po
ization of the BG.

The paper is organized as follows. In Sec. II we presen
detailed discussion of the fundamental ion-laser and ion-
interactions. In Sec. III we examine the effects of the ion-B
coupling on the behavior of a prepared motional-electro
state of the trapped ion, when considering the Carrier and
anti-Jaynes-Cummings ion-laser interactions. For the la
ion-laser interactions the Rabi oscillations of a trapped
initially cooled to its motional ground state are comput
under the ion-BG coupling, and our results are compa
with the available experimental data for a trapped9Be1 ion
@24#. Section IV is dedicated to comments and conclusio
and, finally, in the Appendix we show how to obtain
Fröhlich-type ion-BG interaction, following the model use
for surface electrons in liquid helium.

II. ION-LASER AND ION-BG INTERACTIONS

We consider a single trapped ion of massm in a one-
dimensional harmonic trap of frequencyn. The ion has for-
bidden transitions between two internal electronic states~ex-
cited u↑& and groundu↓& states, assumed to be hyperfin
sublevels of the ground state!, separated by frequencyv0
and indirectly coupled by the interaction with two las
beams, with frequenciesv1 andv2, in a stimulated Raman
type configuration. As indicated in Fig. 1, the laser beams
detuned byD from a third more excited levelur & which, in
the stimulated Raman-type configuration, is adiabatica
eliminated whenD is much larger than three quantities: th
linewidth of level ur &, the coupling associated with th
u↑&↔ur & and u↓&↔ur & transitions, and the detuningd[v0
2vL (vL5v12v2) @26,28,29#. The ion interacts with an

FIG. 1. Electronic energy level diagram of a trapped ion int
acting with laser beams of frequencyv1 and v2, where d5v0

2v11v2 (d!D), ur & ~adiabatically eliminated! is an auxiliary
electronic level which indirectly couples the levelsu↑& andu↓&, and
ud& is an electronic level used to measure the fluorescence emis
9-2
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DECOHERENCE IN TRAPPED IONS DUE TO POLARIZATION . . . PHYSICAL REVIEW A64 033419
effective laser plane wave propagating along thex direction,
with wave vectorkL5vL /c. In this configuration, only the
ionic motion along thex axis will be modified. The transition
betweenu↓& and a fourth levelud&, achieved by another lase
strongly coupled to the electronic ground state, is analyze
order to measure the ionic vibrational state by collecting
resonance fluorescence signal, which is the probability of
ion being found in the internal stateu↓& @30#.

The ion-laser interaction Hamiltonian that describes
effective interaction of the quantized motion of the ionic ce
ter of mass~CM! coupled to its electronic degrees of fre
dom is @26,28,30#

Hion-laser5\V~s1eikLx2 ivLt1 if1s2e2 ikLx1 ivLt2 if!,
~1!

wheres15u↑&^↓u, s25u↓&^↑u, andsz are the usual Paul
pseudospin operators,x is the position operator for thex
coordinate of the ion,V is the effective Rabi frequency o
the transitionu↑&↔u↓&, and f is the phase difference be
tween the two lasers.

The ion-BG interaction~the polarization of the BG in-
duced by the oscillation of the trapped ion! will be described
by a Fröhlich-type electron-phonon Hamiltonian@31#. In the
Appendix we show, by analogy with surface electrons
liquid helium @32–35#, that a polaronlike interaction result
when the electric field of the trapped ion polarizes the neu
BG ~usually H2 in the NIST 9Be1 experiments@26#!. The
attractive ion-BG interaction potential is given byU(r )5
2xq2/(8pe0r 4), wherex is the polarizability andq the ion
charge, and the resulting Hamiltonian reads

Hion-BG5(
k

\Vk~bke
ikx1bk

†e2 ikx!, ~2!

wherebk
† (bk) is the creation~annihilation! operator of BG

oscillation quanta,Vk stands for the coupling strength, andk
are thex components of the BG oscillation wave vector. In
frame rotating at the ‘‘effective laser frequency’’vL , the
ion-laser and ion-BG Hamiltonians are given in the Sch¨-
dinger picture by (\51 from here on!

Hion-laser5V~s1eihL(a1a†)2 if1s2e2 ihL(a1a†)1 if!,
~3!

Hion-BG5(
k

Vk~bke
ihk(a1a†)1bk

†e2 ihk(a1a†)!, ~4!

wherea† ~a! is the creation~annihilation! operator of vibra-
tional quanta,hL5kL /A2mn is the Lamb-Dicke paramete
andhk5k/A2mn stand for Lamb-Dicke-like parameters du
to the ion-BG interaction. The total Hamiltonian is given
the Schro¨dinger picture byH5H01Hion-laser1Hion-BG ,
where H0 indicates the free Hamiltonian composed of t
internal and motional degrees of freedom of the trapped
plus the BG:

H05na†a1
d

2
sz1(

k
vkbk

†bk . ~5!
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Writing the total Hamiltonian in the interaction pictur
~script font labels! by the unitary transformationU(t)
5exp(2iH0t), and then expanding the resulting expressio
in terms of the parametershL andhk , we get

Hion-laser5Ve2hL
2/2S (

m,l 50

`
~ ihL!m1 l

m! l !
s1

3a†m
alei [(m2 l )n1d] t2 iw1H.c.D , ~6!

Hion-BG5(
k

Vke
2hk

2/2S (
m,l 50

`
~ ihk!

m1 l

m! l !
bka

†m

3alei [(m2 l )n2vk] t1H.c.D , ~7!

where ion-laser resonance is achieved by tuning the la
frequencies to obtaind52l n (l 5m2 l ). In what follows
some reasonable approximations are made, in order to
plify considerably the Hamiltonians~6! and ~7!. First we
mention~i! the standard Lamb-Dicke limit for the ion-lase
interaction, for whichhL!1 ~where the ionic CM motion is
strongly localized with respect to the laser wavelength!.
Next, from the low energy of the BG oscillations~ii ! a
Lamb-Dicke-like limit hk!1 will be assumed for the
ion-BG interaction. This limit is somewhat analogous to t
case of large polarons in solid state physics@36#. In fact, the
motion of large polarons is continuous, as should be that
trapped ion. In contrast, small polarons recognize the per
icity of a solid, becoming localized as in the strong coupli
theory and assuming atomic dimensions. With these two
proximations we obtain the simplified Hamiltonians

Hion-laser5V~s1e2 idt2 iw1 ihLs1a†ei (n1d)t2 iw

1 ihLs1ae2 i (n2d)t2 iw1H.c.!, ~8!

Hion-BG5(
k

Vk~bke
2 ivkt1 ihkbka

†ei (n2vk)t

1 ihkbkae2 i (n1vk)t1H.c.!. ~9!

With the addition of~iii ! the optical rotating wave approxi
mation, three specific Hamiltonians for the ion-laser inter
tion are obtained, depending on the choice of the ion-la
detuning.

~a! The carrier Hamiltonian (d50),

Hion-laser
C 5V~s1e2 iw1s2e1 iw!, ~10!

which induces the transitionun,↓&↔un,↑& ~where un& indi-
cates a motional Fock state!, and is responsible for rotating
only the internal electronic levels of the ion wave function
accordance with

e2 iH ion-laser
C tun,↑&5cos~Vt!un,↑&2 ieiwsin~Vt!un,↓&,

~11a!
9-3
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e2 iH ion-laser
C tun,↓&5cos~Vt!un,↓&2 ie2 iwsin~Vt!un,↑&.

~11b!

~b! The Jaynes-Cummings Hamiltonian (d5n), correspond-
ing to the first red sideband,

Hion-laser
JC 5 ihLV~s1ae2 iw2s2a†e1 iw!, ~12!

induces the transitionun,↓&↔un21,↑&, in such a way that
the electronic and vibrational modes evolve as

e2 iH ion-laser
JC tun,↑&5Cnun,↑&2e2 iwSnun11,↓&, ~13a!

e2 iH ion-laser
JC tun,↓&5Cn21un,↓&1eiwSn21un21,↑&,

~13b!

whereCn5cos(gtAn11), Sn5sin(gtAn11), t is the dura-
tion of the laser pulses, andg5hLV.

~c! The anti-Jaynes-Cummings Hamiltonian (d52n),
corresponding to the first blue sideband,

Hion-laser
AJC 5 ihLV@s1a†e2 iw2s2ae1 iw# ~14!

induces the transitionun,↓&↔un11,↑&, and the electronic
and vibrational modes evolve as

e2 iH ion-laser
AJC tun,↓&5Cnun,↓&1e2 iwSnun11,↑&, ~15a!

e2 iH ion-laser
AJC tun,↑&5Cn21un,↑&2eiwSn21un21,↓&.

~15b!

Finally, assuming hypothesis~iii ! and that~iv! the BG oscil-
lation modes are closely spaced in frequency, with the m
mum of their spectrum far from zero, the ion-BG Ham
tonian becomes

Hion-BG5 i(
k

hkVk~bka
†ei (n2vk)2bk

†ae2 i (n2vk)!,

~16!

which plays the role of a reservoir for the motional degree
freedom of the trapped ion.

Next, we analyze the effects of the ion-BG coupling
the time evolution of the ionic external and internal degre
of freedom. We note that the ion-laser detuningsd56n
cause the internal levels of the trapped ion to be affected
the BG, through the motional degree of freedom, differen
from the choiced50, which leaves the BG without effect o
the internal levels of the trapped ion.

III. EFFECTS OF THE ION-BG COUPLING ON A
PREPARED MOTIONAL-ELECTRONIC STATE

In what follows, the effects of the ion-BG coupling on th
behavior of a prepared motional-electronic state of
trapped ion will be considered for the ion-laser detuningd
50 and 2n, representing the Carrier and the anti-Jayn
Cummings ion-laser interactions discussed above.
03341
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A. Carrier Hamiltonian

First, using Glauber’sP representation@37# we briefly
analyze the dynamics of the ionic motional state whend
50, the total Hamiltonian of the system, in the Schro¨dinger
picture, being

H5H01U†~ t !Hion-laser
C U~ t !1U†~ t !Hion-BGU~ t !

5na†a1(
k

vkbk
†bk1V~s1e2 iw1s2e1 iw!

1 i(
k

hkVk~bka
†2bk

†a!. ~17!

Focusing on the time evolution of the ionic motional sta
which is not affected by the internal levels in the Carr
regime, we observe that the Hamiltonian~17! is analogous to
that of a single-mode field trapped in a lossy cavity. T
latter Hamiltonian has received considerable attention
cently for computing the fidelity of a cavity-field state re
quired for quantum communication or computation purpo
@15#. In this connection, we find it interesting to analyze t
decoherence process of a prepared motional state o
trapped ion due to its coupling to the BG.

Solving the coupled linear equations of motion for t
operatorsa andbk , we obtain from Eq.~17!

a~ t !5u~ t !a~0!1(
k

vk~ t !bk~0!, ~18!

where, disregarding the typical small frequency shifts a
introducing the damping constantG, the time-dependent co
efficients, obeying the initial conditionsu(0)51 andvk(0)
50, can be written as

u~ t !5e2(G/21 in)t, ~19a!

vk~ t !52hkVke
2 ivkt

12ei (vk2n)te2Gt/2

G/22 i ~vk2n!
. ~19b!

From the above results, we obtain the normally orde
characteristic functionxN(j,t), defined in the Schro¨dinger
picture as the expectation value

xN~j,t !5Tr@r~ t !eja†(0)ej* a(0)#, ~20!

where the density operatorr(t) refers to the composite
ion-BG system, assumed, as usual, to be initially decoup
r(0)5r ion(0)rBG(0) ~the ion-BG coupling is turned on
suddenly att501). For a motional state of the trapped io
prepared as( lcl ua l&, follows the representative term of th
reduced density operatorr ion(0)5ua1&^a2u, while for an
initially thermal state with Gaussian distribution the reduc
density operator for the BG reads

rBG~0!5)
k
E e2ubku2/^nk&

p^nk&
ubk&^bkud2bk . ~21!
9-4
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From the characteristic function~20! we derive the con-
ditional distribution function

P~g,t !5
1

p2E egj* 2g* jxN~j,t !d2j

5
^a1ua2&
pD~ t !

expF2
@g* 2u* ~ t !a1* #@g2u~ t !a2#

D~ t ! G ,
~22!

whose dispersion is given byD(t)5(k^nk&uvk(t)u25n̄th(1
2e2Gt), where the occupation number of the BG oscillatio
in thermal equilibrium readsn̄th5(e2n/kBT21)21, kB is the
Boltzmann constant, andT is the absolute temperature. Fig
ure 2 displays the damping process in the evolution of
conditional distribution functionP(g,t) for a prepared mo-
tional coherent state. The rotation in phase space arises
the factor exp(2int) in Eq. ~19a! and we observe both th
effects coming from the environment: the loss of excitatio
carrying the initial coherent state to the vacuum state, and
diffusion due to the nonzero temperature of the BG. Th
effects are clearly seen from the shape of the distribu
function P(g,t) depicted in Fig. 2 atGt50.2 and 0.9.

From the distribution functionP(g,t), we can obtain the
reduced density operator for the ion,

r ion~ t !5
1

p2E P~g,t !ug&^gud2g, ~23!

and the mean value of operators associated with the i
motional states; for example, the mean excitation of a p
pared motional vacuum state, i.e.,a15a250, reads

FIG. 2. Conditional distribution functionP(g,t) for an initially
prepared motional coherent state depicted atGt50.2 and 0.9. The
mean value of the amplitude moves on an exponential spiral
playing both the effects due to coupling with the environment:
loss of excitation, which carries the initial coherent state to
vacuum state, and the diffusion due to nonzero temperature o
BG.
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^a†~ t !a~ t !&5E P~a,t !a* ad2a5D~ t !, ~24!

showing the heating process of the motional vacuum s
due to a thermal BG.

B. Anti-Jaynes-Cummings Hamiltonian

Next, we examine the action of the ion-BG coupling on
prepared motional-electronic state of the trapped ion w
d52n, the total Hamiltonian being

H5H01U†~ t !Hion-laser
AJC U~ t !1U†~ t !Hion-BGU~ t !

5na†a2
n

2
sz1(

k
vkbk

†bk1 ihLV~s1a†e2 iw

2s2ae1 iw!1 i(
k

hkVk~bka
†2bk

†a!. ~25!

We are considering the anti-Jaynes-Cummings~instead of
the Jaynes-Cummings! Hamiltonian for the ion-laser interac
tion, so as to compute, in this regime, the damping of
Rabi oscillations of a trapped ion initially cooled to its m
tional ground state and to compare our results with the av
able experimental data for a trapped9Be1 ion @24#.

To compute the atomic inversion from Hamiltonian~25!,
we use the techniques developed to investigate the Jay
Cummings Hamiltonian for an atom interacting with
monochromatic field trapped in a lossy cavity at a finite te
perature, which is analogous to Eq.~25! and has received
considerable attention in the literature@38–41#. The standard
master-equation technique was employed in Ref.@39# to ob-
tain the density matrix for the combined atom-field system
the interaction picture. However, following@38#, we calcu-
late the evolution of the atomic inversion from the tim
dependent averages of atomic excitation, photon numb
and other field quantities. Although also based on the mas
equation approach, the technique in@38# consists of working
with a hierarchy ofc-number quantities derived from th
equation of motion for any operator of the form (a†)manOA
~whereOA is an atomic operator!, given by

d

dt
@~a†!manOA#52 i F ~a†!manOA ,2

n

2
sz

1 ihLV~s1a†e2 iw2s2ae1 iw!G
1 K d

dt
@~a†!man#L

BG

OA , ~26!

where the last term includes the commutation relation
tween (a†)manOA and the components of the Hamiltonia
~25! describing the energy of the BG and its interaction w
the ionic external modes, as well as the motional energy
the trapped ion. Under the Wigner-Weisskopf~WW! ap-
proximation and supposing that the BG is in thermal equil
rium, we obtain@41#

s-
e
e
he
9-5
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K d

dt
@~a†!man#L

BG

5S in~m2n!2
G

2
~m1n! D ^~a†!man&BG

1Gmnn̄th^~a†!m21an21&BG . ~27!

The damping constant arising from the WW approximat
is G52p@g(n)#2L(n), where g(n)[gn/c is the coupling
constant evaluated atk5n/c andL(n)5Vn2/pc3 (V being
the quantization volume! is the density of states. The occu
pation numbern̄th follows from the assumption of therma
equilibrium, where the noise operators N(t)
5(kgkbk(0)e2 i (vk2n)t ~with gk5hkVk) satisfy ^N(t)&BG

5^N †(t)&BG50, and ^N †(t)N(t8)&BG5Gn̄thd(t2t8) ~see
Ref. @41#!.

From Eqs.~26! and ~27! we derive the time evolution o
the atomic inversion̂sz& and the motional occupation num
ber of the trapped ion̂a†a&:

d^sz&
dt

52g^s1a†e2 iw1s2ae1 iw&, ~28!

d^a†a&
dt

5g^s1a†e2 iw1s2ae1 iw&2G^a†a&1Gn̄th

~29!

with the angular brackets denoting the BG as well as
quantum mechanical average. Equations~28! and ~29! in-
volve the average of the Hermitian operators1a†e2 iw

1s2ae1 iw whose equation of motion involves the quant
^a†asz&. In its turn, the equation of motion of this quanti
involves higher-order products of averaged operators suc
^(a†)2a2&, ^(a†)2a2sz&, and so on. To deal with such ave
aged operators it is convenient to define thec-number vari-
ables

Pn5^~a†!nan&, n>0, P051, ~30a!

Qn5^~a†!nansz&, n>0, Q05^sz&, ~30b!

Rn5^s1~a†!nan21e2 iw1s2~a†!n21ane1 iw&, n.0.
~30c!

Solving the dynamical equations for the abovec-number
variables, we obtain the dynamics of the atomic invers
and the motional occupation number of the trapped i
From definitions~30a!–~30c!, and Eqs.~26! and ~27! we
obtain the following set of equations:

dPn

dt
5ngRn2nGPn1n2Gn̄thPn21 , ~31a!

dQn

dt
5ngRn12gRn112nGQn1n2Gn̄thQn21 ,

~31b!

dRn

dt
522gQn1ngPn212ngQn21

2~n21/2!GRn1n~n21!Gn̄thRn21 . ~31c!
03341
e

as

n
.

Note that at zero temperature (n̄th50) and an initially pre-
pared ionic stateun50,↓& we obtain a closed set of equa
tions, since the expectation values of the operators involv
quadratic or higher powers of the ionic motional operatora
anda† are therefore zero at all times@41#. However, to com-
pare the decay of Rabi oscillations resulting from our mo
with the experimental data@24#, we have to deal with the
realistic case of nonzero temperature. Observing that for
initially prepared ionic stateun50,↓& the anti-Jaynes-
Cummings Hamiltonian induces the transitionu0,↓&↔u1,↑&,
it is possible to estimate a temperature aroundn/kB for the
trapped ion and, consequently, for the BG. In fact, un
such conditions the thermal energy of the trapped ionkBT is
aroundn, resulting in a motional occupation number arou
unity (n̄th'1). On the other hand, since the Rabi oscillatio
in NIST experiments@24# survive considerably longer tha
100ms, it is possible to estimate a damping factorG around
1023 s. Having these values at hand and truncating the s
tem of equations~31a!–~31c! at n54 ~an approximation due
to the low motional occupation number estimated above
the BG!, we obtain, via the numerical Laplace transfor
method, the time evolution of the probability for fluore
cence measurement of the electronic ground stateP↓(t)
5(12^sz&)/2. Figure 3 displays the behavior of the functio
P↓(t) computed from our model, which is in excellent agre
ment with the experimental data reported in@24#. We used in
our numerical calculation the experimental parametershL
50.202 andV/2p'475 kHz. In particular, our model re
produces the asymmetry of the decay of Rabi oscillatio
seen in the experimental data. To obtain such behavior,
used the parametersn̄th51.0 andG56.03 1023, which are
in good agreement with the values estimated above. I
worth noting that, when switching off the laser pulse, E
~24! indicates that the motional occupation number of t
trapped ion̂ a†a& goes asymptotically to unity, as expecte

FIG. 3. Time evolution of the probability of fluorescence me
surement of the electronic ground stateP↓(t), computed from our
model~full line! and measured in the NIST9Be1 experiments@24#
~dots!. The parameters used in the experiments,hL50.202 and
V/2p'475 kHz, were adopted for the numerical calculation,

gether with the valuesn̄th51.0 andG56.03 1023, which are in
good agreement with theoretical estimates.
9-6
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In order to demonstrate from our model the sensitivity
the damping of Rabi oscillations to the motional quantu
number, we depicted in Figs. 4~a! and 4~b! the behavior of
the function P↓(t) computed from our model~full lines!
when the initially prepared ionic states areun50,↓& @Fig.
4~a!# and un51,↓& @Fig. 4~b!#. Figures 4~a! and 4~b! also
display the heuristic relation used in@24# for fitting the ex-
perimental data,

P↓~ t !'
1

2 S 11(
n

pncos~2VtAn11!e2gntD , ~32!

wherepn is the initial probability distribution of the motiona
states in the Fock basis andgn5g0(n11)0.7 is a phenom-
enological damping rate. The behavior of the heuristic re
tion ~32! for un50,↓& @Fig. 4~a!# and un51,↓& @Fig. 4~b!# is

FIG. 4. Time evolution of the probability of fluorescence me
surement of the electronic ground stateP↓(t) for the initially pre-
pared ionic states~a! un50,↓& and ~b! un51,↓&, according to our
model~full lines! and the heuristic relation~32! ~dotted lines!, dem-
onstrating the measured sensitivity of the damping of Rabi osc
tions to the motional quantum number@24#.
03341
f
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shown in dotted lines using the valueg0511.9(4) kHz es-
timated in@24#. We stress that Eq.~32! describes a symmet
ric decay of the Rabi oscillations instead of the experim
tally observed asymmetry, which is in agreement with o
model~see Fig. 3!. Therefore, we claim that the polarizatio
of the residual background gas is the mechanism leadin
then dependence of the decoherence effects of a trapped

IV. COMMENTS AND CONCLUSIONS

We have proposed an alternative mechanism to exp
the damping of Rabi oscillations of a9Be1 ion initially
cooled to its motional ground state. Our model allows for t
influence of the polarization of the residual background g
induced by the oscillating trapped ion. The polarization
the BG, which in turn influences the trapped ion motion,
described by a Fro¨hlich-type ion-BG interaction with a
Lamb-Dicke-like limit wherehk5k/A2mn!1, k being the
BG oscillation wave vectors, andm(n) being the mass~fre-
quency! of the trapped ion.

Since experiments on trapped ions are carried out i
high-vacuum environment, the density of the BG, arou
106 cm23 @26#, does not permit a polaron binding energ
and the trapped ion is scattered by the BG. Both elastic
inelastic collisions are present, although elastic collisions
expected to be the main source of decoherence. The trou
some inelastic processes of chemical reactions and ch
exchange are expected to be rare. Although a conserva
estimate for the elastic collisions rate also leads to a sm
value, we claim that the damping medium provided by t
background, which allows laser cooling to proceed fas
when ions are first loaded into a trap, has also to be ta
into account when the trapped ions are cooled to their m
tional ground state. As mentioned in@26#, for a linear Paul rf
trap the main source of decoherence may be associated
errors arising from the external degrees of freedom of
trapped ion rather than internal levels or a nonideal app
field.

Under the Lamb-Dicke-like limit adopted here, the resu
ing ion-BG interaction consisting of the standard ‘‘rotatin
wave’’ terms ~assuming that the spectrum of the phon
modes presents its maximum far from zero! turns out to be
the usual linear response model of the reservoir~the BG! to
the system~the trapped ion! @37,42#. Glauber’sP represen-
tation was used to analyze the dynamics of the ionic m
tional state when considering a Carrier pulse for the ion-la
interaction. The Carrier pulse prevents the BG having a
effect on the internal levels of the trapped ion and either
damping or the heating process of the ionic motional sta
depending on the temperature of the BG, was investiga
On the other hand, a master-equation approach was use
achieve a theoretical fit to the exponentially decaying, si
soidal Rabi oscillations@24# resulting from a prepared
motional-electronic state of the trapped ion under the a
Jaynes-Cummings pulse.

The complete agreement between the measured dat
Rabi oscillations with the behavior computed from o
model indicates that polarization effects constitute a relev
source of error in the ionic trap. Evidently, the error fro
polarization of the BG has to be taken together with t

-

-
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SERRA, de ALMEIDA, da COSTA, AND MOUSSA PHYSICAL REVIEW A64 033419
errors coming from the internal levels and the application
a nonideal field@26#, as investigated in Refs.@22,23#. Like to
the stochastic approach in@23#, our model also reproduce
the asymmetry of the decay of Rabi oscillations, as obser
in the experimental data. Since the authors in Ref.@23# claim
that the asymmetry of the measured data is consistent
the assumption of the mechanism of quantum jumps,
mention that it is also consistent with the damping-heat
competition produced by the ion-BG interaction~through the
motional occupation numbern̄th and the damping factorG).
Moreover, the consistency of our model is confirmed by
fact that the best fit of the measured data was accomplis
with parameter values (n̄th51.0 and G56.03 1023) in
agreement with theoretical estimates.

Finally, we have demonstrated with our model that t
damping of Rabi oscillations is sensitive to the motion
quantum number, as experimentally observed. The beha
of the curves in Figs. 4~a! and 4~b!, representing two ionic
states initially prepared with different motional quantu
numbersun50,↓& and un51,↓&, respectively, strongly sug
gests that the polarization of the residual background ga
the mechanism leading to then dependence of the decohe
ence effects of a trapped ion.
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APPENDIX A

In this appendix, reasoning by analogy with the physics
surface electrons on liquid helium@34,35#, we show how to
obtain a Fro¨hlich-type ion-BG interaction. For practical rea
son, we assume a continuous BG and a cylindrical symm
for the ion-BG system, as depicted in Fig. 5. The io

FIG. 5. Sketch of ion-BG interaction, showing the ion oscilla
ing in thex direction, assumed to be at a distancez from the origin
of the coordinate system, which is fixed in the center of the
surface located in thexy plane. The ion is scattered by the oscill
tions of the BG surface, whose dynamic roughness is given

j(rW8).
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oscillating along thex axis, is assumed to be at a distancez
from the origin of the coordinate system which is fixed in t
center of the BG surface located in thexy plane. This dis-
tancez ~which contributes to the coupling parameterVk) is
here assumed to be a mean distance between the ion an
atoms composing the BG, a mean interparticle spacing
tween two colliding partners. As mentioned in the Introdu
tion, the ion is scattered by the oscillations of the BG s
face, whose dynamic roughness is given byj(rW8) ~see Fig.
5!.

The potential energy of the ion due to polarization of t
BG is

U~rW,z!52
xq2

2 E d2rW8E
2`

j(rW8)
dz8

1

@ urW82rWu21~z82z!2#2
.

Substituting the variablesz2j(rW8)5z, z82j(rW8)5z8, and
definingL/p[xre2/2, we can rewrite the potential energ
as

U~rW,z!5dU~rW,z!1U0~rW,z!,

dU~rW,z!52
L

pE d2rW8E
0

j(rW8)2j(rW)
dz8

3
1

@ urW82rWu21~z82z!2#2
,

U0~rW,z!52
L

pE d2rW8 È0

dz8
1

@ urW82rWu21~z82z!2#2
.

Assuming that the roughness of the BGj(rW8)2j(rW), is suf-
ficiently small and expandingj(rW8) andj(rW) in Fourier se-
ries we obtain

dU~rW,z!'2
L

pE d2rW8
j~rW8!2j~rW !

@ urW82rWu21~z82z!2#2U
z850

5
L

pAS
(

kW
j~kW !eikW•rWF E d2lW

~l21z2!2

2E d2lW eikW•lW

~l21z2!2G ,

whereS is the area of the BG surface and we have sub
tuted the variablerW82rW5lW . After integrating overlW we ob-
tain the perturbed potential energy

dU~rW,z!'(
kW

j~kW !eikW•rW
L

zAS
F1

z
2kK1~kz!G ,

where K1(kz) is the modified Bessel function. At this poin
we can quantize the dynamic variablej(kW ) as follows@34#:

j~kW !5CkW~akW1a
2kW
†

!,

y
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CkW5A \

2rv~kW !
,

wherev(kW ) is the dispersion relation. Defining the couplin
parameter

VkW5
LCkW

zAS
F1

z
2kK1~kz!G ,
v
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03341
we finally obtain the ionic quantized potential energy due
interaction with the BG as

U~rW,z!5(
kW

VkW~akW1a
2kW
†

!eikW•rW1U0~rW,z!,

which results, in one dimension, in the interaction Ham
tonian ~2!. U0(rW,z) plays the role of a reference energy.
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