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We show that bosonic fields may present anyonic behavior when interacting with a fermion in a Jaynes-
Cummings-like model. The proposal is accomplished via the interaction of a two-level system with two
quantized modes of a harmonic oscillator; under suitable conditions, the system acquires a fractional geometric
phase. A crucial role is played by the entanglement of the system eigenstates, which provides a two-
dimensional confinement in the effective evolution of the system, leading to the anyonic behavior. For a
particular choice of parameters, we show that it is possible to transmute the statistics of the system continually
from fermions to bosons. We also present an experimental proposal, in an ion-trap setup, in which fractional
statistical features can be generated, controlled, and measured.
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Anyons are quasiparticles that exhibit fractional quantum
statistics which arises when bosons or fermions are confined
in a two-dimensional space[1,2]. Such excitations play a
fundamental role in the physics of the fractional quantum
Hall effect [3,4]. Beside the theoretical applications, anyonic
systems are promising for the implementation of faulttolerant
quantum computing[5].

In this paper, we show how typical bosons, specifically
eigenstates of harmonic oscillators(number states), behave
as fractional spin particles, so-called anyons, when coupled
to a two-level system(a fermion) through a Jaynes-
Cummings-like interaction.

We can interpret the origin of such an exotic behavior as
a consequence of the entanglement capability of the interac-
tion Hamiltonian(the entangled nature of the Hamiltonian
eigenstates). When the coupled system is subjected to an
adiabatic evolution that mixes the orthogonal modes of the
harmonic oscillator, the entanglement provided by the
Hamiltonian can be regarded as a two-dimensional constraint
on one of the two subsystems, allowing forbosonic excita-
tions of fields (photons or phonons) to behave like anyons.
This fractional behavior is clearly manifested in the geomet-
ric phase[6,7] acquired by any eigenstate of the coupled
system under a cyclic adiabatic evolution, and it is possible
to relate the geometrical phase with the statistical factor[8].

The bosonic field behaves, in an analogous way, as a
spin-1 particle when there is no interaction(in the sense that
the geometric phase acquired during the evolution is the
same as that acquired by a spin-1 particle in a magnetic
field), to a spin-1/4 particle when the two systems are maxi-
mally entangled, going through all the intermediate spins de-
pending on the specific degree of entanglement between the
two subsystems. More specifically, it is possible to simulate
anyons with m/2 ,m/3 ,m/4 , . . . sm=1,2, . . .d statistics or
even to transmute continually the statistics of the system
from Fermi to Bose.

We also present a proposal, employing trapped ions, in
which fractional statistical phases can be generated, manipu-
lated, and tested. This proposal, in addition to its experimen-

tal interest, provides a clearer physical framework to inter-
pret the presented theoretical results.

Initially, we consider an effective two-level(fermionic)
system coupled nonlinearly to two quantized bosonic fields,
through the so-calledm-quantum Jaynes-Cummings model
[9]. In the rotating-wave approximation, this Hamiltonian is
given by s"=1d

H = na†a + nb†b +
v

2
sz + lmfs+sadm + s−sa†dmg, s1d

wheresz= u↑ lk↑u− u↓ lk↓u, s+= u↑ lk↓u, ands−= u↓ lk↑u are the
usual Pauli pseudospin operators(u↑l and u↓l are the excited
and ground states of the two-level system, respectively), lm
is the effectivem nonlinear coupling constant, anda† sad and
b† sbd are the creation(annihilation) operators of the bosonic
fields with frequencyn.

In the interaction picture and in a rotating frame(through
the unitary transformation expfiDmszt /2g), H can be rewrit-
ten as

H =
Dm

2
sz + lmfs+sadm + s−sa†dmg, s2d

with Dm=v−mn being the effective detuning between the
bosonic and fermionic systems. Field modea is orthogonal
to modeb and, initially, the two-level system interacts only
with the former one.

The eigenstates of the joint system, associated to the ei-
genvalues ±L (L=fsDmd2/4+slmd2sn+md! / n!g1/2), are de-
scribed by

uCn,n8
± l = sC↑u↑lunla ± C↓u↓lun + mladun8lb, s3d

where

C↑ =
L + Dm/2

Î2ÎL2 + LDm/2
,
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C↓ =
lm

Îsn + md ! /n!
Î2ÎL2 + LDm/2

,

and unll sl =a,bd is the Fock state of the bosonic fieldl.
Let us consider the case in which the Hamiltonian de-

scribed by Eq.(1) is slowly transformed into a parametrized
one, Hsu ,fd=Usu ,fdHU†su ,fd. This transformation is
achieved by externally driving the interacting systems, and if
it is done adiabatically, i.e., slowly compared to the typical
time scales of the problem, the eigenstates of the initial
Hamiltonian follow the transformation, as defined in the
adiabatic theorem. In the end of a closed cycle(i.e., u andf
are cyclically varied and then brought back to their original
value), each eigenstate goes back to the original one, except
for a phase factor of geometrical natureeign,n8 [6,7].

We are interested in the parametric transformation of
Hamiltonian(1) obtained through the unitary operation

Usu,fd = exps− ifJzdexps− iuJyd, s4d

where Jz=sa†a−b†bd /2 and Jy= isab†−a†bd /2 are the
Schwinger angular momentum operators. In this case, for
each value of the parametersu and f, this transformation
results in the two-level system interacting with a linear com-
bination of the two bosonic fields,a andb [10,11].

A suitably slow variation of the parametersu and f re-
sults in the adiabatic evolution of the eigenstatesuCn,n8

± l of
the initial HamiltonianH in Eq. (2). When u and f are
eventually brought back to their initial values,uCn,n8

± l ac-
quires a Berry phase, which is given by

gn,n8 = iE
c

dfdukCn,n8
± uU†su,fd¹u,fUsu,fduCn,n8

± l

= VkCn,n8
± uJzuCn,n8

± l

=
V

2 3n − n8 + Sm

2
D slmd2sn + md ! /n!

SL2 + L
Dm

2
D 4 , s5d

whereV is the solid angle subtended by the cyclic path in
Poincaré’s sphere. Both eigenstatesuCn,n8

+ l and uCn,n8
− l ac-

quire the same geometrical phase.
We are interested in the case of zero initial excitation in

the bosonic fieldssn=n8=0d, and the most interesting sce-
nario is achieved whenDm=0, i.e., the resonant interaction.
In this regime, the harmonic oscillator and the two-level par-
ticle are exchangingm excitations and the geometric phase
reduces tog0,0=sm/4dV. Notice that, in this expression, each
order of the nonlinear interaction in Eq.(1) is contributing
with a factor of 1

4 to the total geometric phase. The1
4 factor

originates in the fermion-boson interaction as shown in[10],
while them factor is typical for a collective behavior. In this
sense, the Hamiltonian(1) can be regarded as a multibody
interaction, between the two-level system andm-bosonic
particles.

The closed path described by the transformation(4) can
be regarded as two consecutive exchanges of bosonic exci-
tations in the two possible modes, which here play the role of

two different spatial configurations of one anyonic particle.
For example, initially the two-level system is exchangingm
excitations with modea. Then, foru=p, the exchange in-
volves only modeb, and finally foru=2p, a complete cycle
is done and the interaction is back to modea. This is analo-
gous to the case of one electron orbiting around a magnetic
flux tube in the original Wilczek work[1]. The analogy with
the classical rotation in real space is clearer in the trapped
ions example presented later, where modesa and b can be
chosen as nothing but spatial vibration modes of the trap(see
Ref. [12] for the implementation of fractional dynamics in
the context of Bose-Einstein condensation).

In analogy with the physical two-dimensional space, we
exploit in our system the parametric space of the Hamil-
tonian. When the parameters of the HamiltonianHsu ,fd are
changed and eventually returned to their original configura-
tion, the wave function remains the same, except for the
phase factoreia2p, wherea=g0,0/2p is called the statistical
factor. In a three-dimensional space, the rotation group sat-
isfies a peculiar non-Abelian algebra, which allows only for
the Bosesa=0d or Fermi statisticssa=1d. On the other hand,
if we restrict ourselves to two-dimensional rotations, the cor-
responding group can generate a broader class of(braid) sta-
tistics [13]. It turns out, in fact, that the impossibility of
using rotations in a third dimension reduces the number of
constraints on the symmetry of the wave function, allowing
for fractional values ofa.

We can interpret the eigenstate of the system described by
Eq. (3) (an entangled state of the two-level system and the
field) as a kind of two-dimensional confinement, in the sense
that only the rotationJz contributes for the Berry connection
in Eq. (5), introducing the fractional behavior. To deepen our
understanding of the role played by the entanglement of the
eigenstates of the system(3), we will analyze the statistical
factor a in different regimes,Dm@lm, Dm,lm and Dm=0.
In general, the statistical factor is given by

a =
m

4

V

2p

slmd2m!

SL2 + L
Dm

2
D , s6d

and presents a dependence on the orderm of the nonlinear
interaction, on solid angleV, and also on the detuningDm.

Let us consider the far off-resonance case,Dm@lm,
which means that the harmonic oscillators and the two-level
system are not exchanging energy, i.e., the eigenstate of the
Hamiltonian is completely separable. This is the most trivial
case, wherea=0 and the excitations of the harmonic oscil-
lators behave as bosons, as we should expect for a noninter-
acting system[10]. On the other hand, in the resonant case
sDm=0d the eigenstate of Hamiltonian(2) is maximally en-
tangled and the statistical factora=sm/4dsV /2pd. There-
fore, the fractional features of the system’s geometric phase
depend crucially on the entangled form of the system’s
eigenstate. In Fig. 1(a), we show the ratiog0,0fsm/4d
3sV /2pdg−1 as a function of the detuningDm, and in Fig.
1(b) we show the linear entropy of the reduced two-level
system in state(3), Sf =1−TrffsTrbrd2g (where f andb stand
for fermionic and bosonic variables, respectively, andr
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= uC0,0
± lkC0,0

± u), as a function of the detuningDm. Comparing
these two figures, we can see that, when the detuning in-
creases, the amount of entanglement decreases and conse-
quently the fractional features of the system also decrease,
until they disappear completely for separable eigenstates.

It is interesting to note that, if we varyu ,f in a way that
the cyclic path in Poincaré’s sphere encloses the whole
spheresV=4pd, the statistical factor, forDm=0, turns out to
bea=m/2; if we choose a path that encloses2

3 of the sphere,
a=m/3; and so on. In this way, we can simulate anyons with
m/2 ,m/3 ,m/4 , . . . statistics. Let us consider the interesting
particular situation(for DmÞ0) in which we choosem=2
and vary the parametersu ,f in order to obtainV=4p. In
that way, the statistical factor depends only on the detuning
D2. In the resonant casesD2=0d, we havea=1 and the sys-
tem obeys the Fermi statistics. On the other hand, in the far
detuned casesD2@1d the statistical factor tends to zerosa
→0d and the system obeys the Bose statistics. In this par-
ticular situation, varying the detuningD2 we can transmute
continually the statistics of the system from Fermi to Bose,
going through the anyonic statistics. The statistical factora
depends onD2 with the same pattern showed in Fig. 1(a) for

m=2 (dashed line). We note that for the casem=1 the value
a=1 cannot be reached. In this latter case, the statistical
factor can vary continually from 0 to12 depending on the
detuningD1 for the fixed solid angleV=4p.

The scenario presented here for the simulation of one
anyon statistics can be generalized for two anyons. Since the
system composed by a fermion interacting with two bosonic
fields behaves like one anyon, the generalization to two
anyons can be achieved by adding two more bosonic fields
sc,dd. Let us suppose that the dynamics of the system is
governed by the parametrized Hamiltonian(in the interaction

picture) H̃su ,fd=lmŨsu ,fd fs+sadmscdm+s−sa†dmsc†dmg
Ũ†su ,fd, under the unitary transformationŨsu ,fd
=expf−ifsJz

ab+Jz
cddgexpf−iusJy

ab+Jy
cddg (whereJz

lk andJy
lk are

the Schwinger angular momentum operators for modesl and
k). Under cyclic and suitably slow variation of parametersu
and f, the eigenstates of this new Hamiltonian, given by

uC̃0
±l=su↑ lu0lau0lc± u↓ lumlaumlcdu0lbu0ld/Î2, evolve adiabati-

cally. If u andf are eventually brought back to their initial

values, uC̃0
±l acquires the Berry phaseg̃0=sm/2dV, which

corresponds to twice the phase obtained in the previous case.
Consequently, for the two-anyon case we have the statistical
factor a=sm/2dsV /2pd, which is exactly twice as much as
the one described in Eq.(6) for Dm=0.

Finally, we discuss how to implement, in a physical con-
text, Hamiltonian(1) and the unitary transformation(4). To
this end we consider one single ion in a two-dimensional
harmonic electromagnetic trap in thesx,yd, plane, with de-
generate frequencyn. The ion has two effective electronic
states,u↑l andu↓l, separated by the frequencyv0 and coupled
by the interaction with an effective laser plane wave propa-
gating initially in the x direction, with frequencyvL and

wave vectorkWL=svL /cdxW. In this configuration, only the ionic
motion along thex axis will be modified and the Hamiltonian
of this system is given by[14]

H = na†a + nb†b +
v0

2
sz + gfs+eikWL·rW−ivLt+iwL + H.c.g, s7d

whererW is the vibration direction of the ion,g is the effective
coupling constant for transitionu↑ l↔ u↓ l, and wL is the
phase of the laser[15]. The effective laser beam is tuned to
themth red vibrational sideband of the ion, i.e., it is detuned
by d=v0−vL=mn from theu↑ l↔ u↓ l transition. In the inter-
action picture and in the frame rotating at the effective laser
frequencyvL, the Hamiltonian of this system can be written
as [14,16]

H = fmsh,a†adeiwLs+sadm + H.c., s8d

where

fmsh,a†ad =
1

2
ge−h2/2Fo

l=0

`
sihd2l+m

l ! sl + md!
sa†dlsadl + H.c.G

is the effective coupling,h=ÎskWL ·rWd2/2Mn is the Lamb-
Dicke parameter, andM is the ion mass. When we assume
the so-called Lamb-Dicke regimeh!1, we have
fmsh ,a†ad,f1/2sm! dggsihdme−h2/2;lm. Different values of

FIG. 1. (a) The fractional part of the geometrical phase
hg0,0fsm/4dVg−1j and (b) the linear entropy of the reduced two-
level system in the state(3) as function of the effective detuning
Dm.
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the nonlinear interaction orderm can be reached by the
choice of themth red vibrational sideband of the ion. In this
way, we can implement Hamiltonian(1). If we consider the
effective pumping laser beam tuned not exactly on themth
vibrational sideband of the ion, we can obtain the off-
resonance case of Eq.(1) with a small detuning limited by
the frequencies of the neighboring side bandssDm!nd. In
this context, the statistical transmutation of the system can be
investigated varying the solid angleV that depends on the
path choice for parametersu ,f. The unitary transformation
(4) can be implemented by(i) the physical rotation, in the
x,y plane, of the propagation direction of the effective laser
field, in a way thatkWL=svL /cdfcossu /2dxW+sinsu /2dyWg, to-
gether with(ii ) a suitable variation on phasewL (note that
wL=2w). Therefore, by the control of the propagation direc-
tion of the laser and its phase, it is possible to implement
physically the unitary transformation(4).

The fractional phase acquired by the ion due to unitary
transformation(4) can be measured by a Ramsey-type inter-
ferometer similar to the one suggested in[11]. Let us start
with the assumption that the vibrational modes of the ion in
both directionsx,y are cooled to their ground states, and its
electronic internal levels are prepared in a superposition
su↑ l+ u↓ ldu0lau0lb/Î2. This superposition can be generated
by a carrier-type laser pulse[14], which corresponds to the
choice m=0 (the laser is tuned in theu↑ l↔ u↓ l transition
frequency, v0=vL), and does not affect the vibrational
modes of the ion. The next step consists of turning on a laser
tuned to themth red vibrational sideband and initially
aligned in thex direction with reference phasewL=0. This
laser interacts with the ion for a timet@1/lm, during which
its propagation direction is rotated andwL is cyclically

changed. The variation rate of these parameters must be
much smaller than the effective couplinglm to allow the
adiabatic regime assumed in our approach. When the laser is
turned off, the system has evolved to stateseig0,0u↑ l
+ u↓ ldu0lau0lb/Î2; here we have used the fact that both eigen-
statesuCn,n8

+ l and uCn,n8
− l acquire the same geometrical phase

g0,0 and u↑ lu0lau0lb=suC0,0
+ l+ uC0,0

− ld /Î2. It is clear that the
variation of parametersu andwL must be designed such that
the end of its cyclic path coincides with the end of thej th
Rabi cycle performed in the timet=2p j /lms j @1d. Finally,
we turn on again a carrier-type laser pulsesm=0d with phase
wL=p /2 during timet=p / s2gd. After this rotation, we per-
form a fluorescence measurement of the electronic states of
the ion [14], with probability P↓=f1−cossg0,0dg /2 to mea-
sure level u↓l. In this way, we can measure the fractional
phase introduced by the above procedure.

In this paper, we have presented a method to simulate the
dynamics of anyons via the Jaynes-Cummings model. We
have shown how to simulate anyons withm/2 ,m/3 ,m/4 , . . .
statistics or even how to transmute continually the statistics
of the system from Fermi to Bose, going through the anyonic
statistics. Such fractional features depend crucially on the
entangled form of the system’s eigenstate which works as a
two-dimensional confinement. We also provide a proposal
for the physical implementation of the above ideas in the
context of trapped ions phenomena. It introduces a novel
possibility for the investigation of fractional statistics in a
well-controlled way.
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