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Engineering cavity-field states by projection synthesis
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We propose a reliable scheme for engineering a general cavity-field state. This is different from recently
presented strategies, where the cavity is supposed to be initially empty and the field is built up photon by
photon through resonant atom-field interactions. Here, a coherent state is previously injected into the cavity.
So, the Wigner distribution function of the desired state is constructed from that of the initially coherent state.
Such an engineering process is achieved through an adaptation of the recently proposed technique of projection
synthesis to cavity QED phenomena.

PACS numbd(s): 42.50.Dv, 03.65.Bz, 03.67a

The program of quantum state engineering has recentlgavity. After interacting with the cavity field the atoms are
become increasingly important for pursuing some strikingmade to cross an additional Ramsey z&jen their way to
proposals in nowadays theoretical physics. Such proposatbe detection chambeB (D, andDy, for ionizing the states
work on the possibility of nonlocality, a crucial character |e) and|g), respectively. Each atom is supposed to be de-
exhibited by an entangled state, and this seems to open tfiected in a particular superposition state before the subse-
way for a new technology based on microscopic physicsgquent atom enter€. The detection of these atomic superpo-
The advent of quantum computatipt], quantum communi-  Sition states is envisaged to synthesize the projection of the
cation[2], and teleportatiofi3] brought together the neces- leaving cavity field in the desired sculptured state, through
sity of tailoring specific quantum states which are envisaged®Ramsey zond, and detector®, as shown below.
to play the role of either a qubit or a nonlocal quantum Considering thekth step of this process, let us describe
channel. Moreover, the recently proposed techniquprof  the state of the cavity field, after the injection and detection
jection synthesi$4] requires the engineering of some exotic of the (k—1)th atom, as
guantum states for measuring particular properties of the ra-
diation field, such as its pha$é] or its Q function[5]. The
projection synthesis technique has also been considered itself
for engineerind6] and teleporting7] a running wave super-
position state. with |n) representing am-photon Fock state of the cavity

Schemes for engineering a superposition state of the ranode. The subscript indicates the field state whereas the
diation field has been presented in the realm of cavity QEDsuperscriptk—1 indicates the K—1)th atom. After the in-
phenomend8]. Vogel et al. [9] have basically employed a teraction of thekth atom[initially prepared byR; in the state
resonant atom-field interaction for build up an arbitrary N (€)+ Bilg)i), where N =(1+|B?) ~"* and B, is a
trapped field in an empty cavity. An alternative proposalcomplex numbérwith the field (1), the atom-field system
[10], based on Ref9], has been presented considering both(a f) evolves to the entangled state
resonant and dispersive atom-field interaction for preparing a
general cavity-field superposition state. In R€f8,10] a *

Ramsey zone, placed in the way of the atoms to the cavity, is |45 =N 2 AJD(CPle)ln)—isPlg)n+1)
supposed to prepare the particular atomic superposition n=0

states which are required to properly build up the cavity +BCY gl =i BSY ,|e) n—1)), 2)
field, photon by photon.

In the present work we have transposed the projectiogvhere C¥=cos(/n+1Q7,) and S¥=sin(/n+1Q7), Q
synthesis technique from its original running wave domain theing the atom-cavity-mode coupling strength, amdthe
cavity QED phenomena. This is different from the techniqueinteraction time of thekth atom with the cavity field.
used in[9]; a coherent state is previously injected into the  Now, following the steps which lead us to describe the
cavity through a wave guide which connects it to a mono+ield state(1) after detecting thek— 1)th atom, we have to

chromatic sourceS (see Fig. 1 Thus, the Wigner distribu-  synthesize the projection of the atom-field entangled $2ite
tion function of the desired state is sculptured, through the

projection synthesis technique, from that representing the S
initial coherent state. The atoms work as quantum chisels on

the Wigner distribution for the initial coherent state as shown y 4 | 4@ D. D

in the experimental setup depicted in Fig. 1. Each two-level — e — = = »
atom (excited|e) and groundg) state$ is initially prepared R C Atoms
in a coherent superposition, in Ramsey zdRg before !

crossing cavityC. A stream ofM atoms is thus made to FIG. 1. Sketch of the experimental setup for sculpturing a
interact resonantly with the coherent state injected into theavity-field state by projection synthesis.
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into a particular atomic superposition state of #th atom  which is defined by the overlap between the desired and the
|68 =N, ([e)+ 2k [gh) with A, =(1+]e?) "¥2 Inthis  sculptured statéhe field state after detecting théth atom),

way, the field state after the detection of #th atom reads following the expression:
N
|2 hodn T2

% ()
EI:O|1—‘I(M)|2

PO =NSPID=Z, AP, @ F=Kwelsf) =
' n=0

The coefficients\ ® result from those in Eq2) through the The total probability for successfully sculpturing the desired
o d$=I1M ,P,, whereP, accounts for the probabil-
recurrence formulas 0= AT where state read®=1l_, Py, k P
. " ity to synthesize th&th-atom-field entanglement into a par-
ticular atomic superposition ¢ y{9)|?, following the ex-
Fﬁk)=(Cﬁk)+8kBkC§1k,)1)A§1k_l)—iﬁksﬁk)/\ﬁﬁ_ll) pressiong4) and (5):

]

—igW (1= 8,0 S A (4)
K n,0/<n-1n-1 Pk:NE:kNék nzo |F$1k)|2. 8
with A (9= exp(—|a|?2)a"//n!. The normalization constant

reads For an appropriated choice of the average excitation of

the coherent statd,a|z=ﬁa, we see from the recurrence
formula (4) and the definition of the coefficients(?, that
-12 the coefficientd” ™) depend on the powers of, asat/ /¢!,
Nk:{ > |F§1k)|2} : (5)  with n—M=<¢=<n+M. In fact, it is straightforward to con-
n=0 clude that, after one application of formu(d) the coeffi-
" I 1 s from the rotation of tHeth cieths1 Fﬁ,'\",; are plroportional to those {AMY),
atom s he Ramsey Zor®, in Order 0 synthesize the pro- " o 1o b | b D 5 B
(4) it follows that '™ oc{ AR5 AT 7 AL A

oo

. . . 1
jection of the entangled stalg}) as in Eq.(3). The Ram- (M2 and afterM applications of such formula we finally
sey zoneR, is needed in order to adjust the measurement o : 0 0 0 0

y 2 ! obtain  TMofA©@ A AO A ©@

this special superposition, playing the role of atomic states, (g L 0
“polaryzers” and “analyzers” which, combined with detec- AE‘NT)M}' Therefore, from the definition QKE‘_ ), we note that
tors D, allow us to analyze an arbitrary superposition @f '™ depends on the powers of as mentioned above. So,
and|g). As considered by Freyberggt1], such a measure- the choice of the average excitatiop in a way thatP(Ngy
ment works as follows: The Ramsey zdRgis appropriately —M+1)=|(Nq—M +1|a)|?~0 (satisfying the requirement
adjusted in a way that a two-level atom which crosses it inthat A ~0 whenn=Ny+ 1), results in a higher fidelity"

the superposition¢{) undergoes a unitary transformation at the expenses of a lower probabil In fact, it is evident

to the statge),. As a consequence, theh atom leaves the from the denominator of Eq7) that the lesser the numbkr
Ramsey zone in the statg), if it crosses it in the state in the sum of significant coefficients, the greater the fidelity.
orthogonal td ¢{). After crossingR,, thekth atom is thus ~ On the other hand, from E¢8) we observe that the prob-
counted with high efficiency by the ionization detection ability P is directly proportional to the powers af. As a
chamberD. However, thekth atom will be in a superposi- consequence, Eq$7) and (8) impose a fidelity-probability
tion of these orthogonal states, so that in some cases thiate, R=FP, a cost-benefit estimative for sculpturing the
detector will deliver a clicKkmeasuringe),) and in some it desired state. In order to maximize the r&e we have to
may not click(measurindg),). Once we register a click, the play with all the variables appearing in the recurrence for-
kth atom has been projected in the required superpositiomula (4): the average excitation, of the initial coherent
|p()). So, the analyzer is able to measure observables of thetate injected into the cavity, the atom-field interaction times
form |¢gk>><¢;k>|, which represent projection operators with 7, and the Ramsey zones parametgrsind 8. Beginning

measurable eigenvalues(diick) and 0(no click). The coef-  with n,,, we note that a good strategy to maximiRecon-
g‘é'sei?égggtﬁﬁ ;‘1 ;e der\ltgrﬂ;?ed through thoseJ of the  gjgts in starting with the choice ai, so thatP(Ng—M
X Y ~“n=0 "Fnl'l/- ) ) +1)~0, and then proceed to maximize the r&eincreas-
Since the projection of th®th atom in a particular state ing .. at the expen f the fidelity. Concerning the inter
is supposed to finish the sculpture process, the followin 9 n, at Ine expenses of he Tidelity. Loncerning the Inter-
: P ction timesr,., in the scheme of Vogedt al.these variables
equality must be satisfied: . - = . .
are either fixeda priori or appropriately chosen in order to
oc Ng maximize the probability for achieving the desired state.
N[y = AM|ny=>" d,|n), (6)  Here, however, when the variableg are not fixeda priori -
' n=0 n=0 (a procedure depending on the experimental capabjlities
they are chosen in order to maximize the r&e Finally,
requiring thatAE,M)wo whenn=Ng4+ 1. Such approximation accounting for the choice of the Ramsey zones parameters
brings about a nonunitfidelity [12] for the sculptured state, andp,, they follow from a particular solution of the equality
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(6) from which, on the requirememgM)wo whenn=Ny TABLE I. The probability P, fidelity f;’i and rateR="PF, for
+ 1, results the set dily+1 equations each value of averaged excitation numbgr. The interaction pa-
" " Vo1 rametersQ) 7;and ()7, in this table correspond to values which
de:NM[(C%Jd)+8MBMC§\|d11)A(Nd ) maximize the rater for eachn, .
; M)A (M—1)_; M M-1 —
—iBuSY AR D —ienSEL AR, o an  Qn P F R

0.3600 5.9000 5.1000 0.0468 0.9826 0.0460
P=i 0.6400 3.1000 4.1000 0.2148 0.9983 0.2144
1.0000 3.2000 4.1000 0.2910 0.9906 0.2883

A= A [(C™M 4 5, By CM ) A M -D) 1.4400 41000  4.4000 0.2319  0.9827  0.2279
1.9600 57000  4.3000 0.4364  0.9770  0.4264
—iBySMAMD g, SM)AM D (9 25600 5.8000 4.2000 0.5590  0.9459  0.5288

3.2400 4.9000 4.2000 0.4295 0.9187 0.3946
s 4.0000 5.1000 4.2000 0.2028 0.7953 0.1613

do=Nul(CM + & B ANM D —i gy SIMAM=D] that in[9] which requires twice the number of atomsand,
consequently, twice the running time of the experiment. It is
worth noting that the additional Ramsey zone required in the
present schemior the projection synthesisind absent from

@e setup in[9], does not comprehend a significant error
source. Since the position of each atom can be determined at
any time between preparation and detection with a precision
better then 1 mm, it allows us to fire microwave pulses in
both Ramsey zones exactly when the atoms reach the corre-
sponding positionwith the possibility of exposing succes-

In Ref. [9] a similar set of equations is obtained, but with
M =Ny, since this is the number of atoms required to build
up the desired field state from the vacuum. In that case, th
set of linear equations, similar to E€Q), results in an alge-
braic equation of degred&ly in the variablesg,. In the
present case, to solve the set of equati®@swe apply the
recurrence formuld4) M —1 times in order to express the

;Jhnknowfr]:. c.oe:flmefrlf\n 'r? terrPs t‘;fmf(ﬁ)e Ifnci\;lv'n values of sive atoms to different interactiongl3]. So, the errors in-
be coetlicien Sl.o € coheren ﬁ n f. nthis way We yroduced in Ramsey zones are significantly smaller than
obtain a nonlinear system whose free parameters arg,qe coming from the atomic decay and the detection cham-

1, . EM and B4, . ..,Bu, Which ir_1dicate the particular bers(detection efficiency of about 35%4.3)).
rota’;:on gaclh atom must unfdergohln kbOth Ram;,ey ZON€S. T4 jllustrate the present technique we now proceed to
Such variables are obtained from the known coefficiehts sculpture the truncated phase staltg € 4)

andA?). The solubility of a nonlinear system can be guar-
anteed if the number of equations is equal to the number of

variables, the later being the parameters of both Ramsey 104
zones. One of the equations in systé has to be used to lg)=— 2 Iny, (10)
obtain the normalization constafity. .\, and each atom V5 =0

carries two free parameters (,8y). Therefore, the mini-

mum number of atoms necessary to guarantee the solution #fhich requires justM =2 two-level atoms, instead df!
system(9) must beM =int[ (N4+1)/2]. This conclusion is =4 as in[ﬂ. As mentioned above, we start with the average
due to the fact that in our scheme we start from a coherergxcitation n, leading to the higher fidelity: requiring that

field state previously injected into the cavity, differently p(3)=|(3|a)|2~0, it follows the average excitatiom,
from [9] trt1et scheme_ of V(igedat ag W?'hCh s(;artstwnh T?h =0.36. For each value af, (choosinga as a real param-
vacuur?ts ahe' rqulrlyhglﬁ_? oms. 50, ti 6|lf v??hage Ob € te) we proceed to calculate the interaction paramefkers
present technique 1S that it requires Just hait ot the number o ndQ 7, which maximize the rat®. In Table | we show the
atoms needed if9] for sculpturing a desired state and, con- i , — i
fate R associated with each value of,, from that which

sequently, half of the experimental running time required fo ™ N : .
realizing the process. maximize the fidelity, 0.36, to that showing a continuous

Despite the fact that we are considering here the ideal
case, it is worth mentioning that two major error sources are
present when treating the real situation: the efficiency of th([ﬁk
atomic detection chambers and the running time of the ex
periment. The latter is due to the relaxation times associatel~
with the quantum systems since dissipation mechanisms arg ) p P
induced by their inevitable coupling to the environment. So, T led k B Pk K
when accounting for these error sources our scheme results 5800 0.4247 4.7124 0.7684 47124 0.7576
in a higher fidelity(now due to the errors introduced by the 2 4200 04616 4.7124 0.6583 —1.5708 0.7379
environment[12]) of the engineered state, compared with

TABLE Il. The Ramsey zones parametdrs,=|s,|exp(6y),
=|Bi/expley)] and interaction times+#) needed to obtain the
ncated phase state for an initial coherent state associated with

2.56.
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through the scheme of Voget al., the resulting fidelityF
=0.9906, approaches unity. However the fidelity-probability
rate for these values rea@=0.2883, a result which can be

considerably increased when choosimg=2.56. This latter
choice results in a higher ratR=0.5288, which follows
from a remarkable probability for successfully sculpturing
the desired staté?=0.5590, and still a considerable fidelity,
F=0.9459. In Table Il we display the roots {,8;.€,,85),

associated witm,=2.56, which leads to the maximal rate
R=0.5288.

In Fig. 2 we display the histogram of the rai& in the
Q1 XQ 7, plane. The higher peak iR(Q7,,Q7,) corre-
sponds to the values 6ir; and() 7, shown in Table II. This
figure shows the process of the maximization7ffor a
given average excitation number. Finally, in Figé)33(c)
we display the sculpture process of the desired truncated
phase stat€10) from the Wigner distribution function of the

FIG. 2. Histogram of the rat& =P, in the 17, X7, plane,  jnjtial coherent statéassociated tm,=2.56) given by the
for n,=2.56. Gaussian in Fig. @). This Gaussian is shifted from the po-
sition origin asW(p,q) = (2/7)exd —(q+ a)*>—p?]. Figures
3(b) and 3c) display the sculpture process after the projec-
decreasing of the rate, 4.0. In addition, a set of numericallyion synthesis of the first and second atoms, respectively. In
obtained roots £;,8;.€,,8,) of the equationg9), results  Fig. 3(d) the desired state if10) is exactly displayed, which
when fixing a given couple of interaction parametersdiffers from the sculptured state due to its nonunity fidelity.
(Q71,Q7,), and we have to choose the one which maxi-As we have stressed above it is possible through the present
mizesk. scheme to sculpture the desired state with higher fidelity;
We note that for engineering the state)) through the  however, at the expense of a smaller probability for success-
scheme of Vogebt al. results in the prObab|l|ty_02833 for fu”y achieving the process. So, the scu]pture technique de-
the unity fidelity. From Table I, it follows froom,=1 that pends on a cost-benefit estimative, here defined as the
when P=0.2910, approximately the probability obtained fidelity-probability rate, which is up to the sculptor necessi-

Rate

FIG. 3. Wigner distribution functionga) for
the coherent state associated with=2.56, (b)
the cavity-field state after synthesizing the detec-
tion of the first atom(c) the sculpturedtruncated
phase state after synthesizing the detection of the
second atom, an@l) the desiredtruncated phase
state, respectively.
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ties. An interesting point for future investigation consists inmental states. So, to the best of our knowledge the “sculp-
account for the noise effects on the sculpture process, i.e., thared” cavity field will be represented by a statistical mix-
influence of the errors arising from the inevitable coupling ofture p;, whereby the fidelity turns out to beF

the required quantum systems to the environment and alse (| p¢| ).

the detector inefficiency. When treating the noise effects on

the sculpture process, the fidelity defined in Eg).remains We are thankful for support from CNPg and FAPESP,
exactly the same, but the sculptured field state, after the dd3razil, and we wish to thank R. J. Napolitano, M. Marchioli
tection of theMth atom, will be entangled to the environ- and P. Nussenzveig for helpful discussions.
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